7. Solutions

In all discussions of mixtures we will be

using the concept that at equilibrium the
chemical potential of a substance must
be the same throughout the sampie,
regardless of how many phases are
present.
Suppose we have liquid and vapor
phases and one component, then
pure liquid and its vapor:

*® Mvap(T:p) = Wiiquid (T:p)
Hvapor( 7,0) = one of the following:

1

wWT)=u®r + RTIn f  (real gas)
1



7.1 The Ideal Solution, Raoult’s law
Suppose we have liquid and vapor

phases and two components, solvent A

and solute B, then

solution and its vapor:

®  ua liqud — HA,vap

HA vap = K @T +RTIn (pa/1) (ideal)

pure liquid and its vapor, use * to denote
values for pure substance:

® s liquid = M A vap
Wavap = 1 77 +RTIn(p*s/1) (ideal vapor)

Subtract:

A, liquid = WA liquid = RTIN(p 4 /p™4) (ideal
vapor)

A, tiquid = H7A tiquia = RTIN(f4 /f%4)  (real
vapor)



Raoult discovered experimentally the
limiting behavior for solutions made up
of mostly solvent A, the relation between
p the vapor pressure of A over a
solution containing A and p*, the vapor
pressure of A over pure liquid.

pIp*s = Xa Raoult’s law

Define: a solution that obeys Raoult’s
law for all concentrations is an ideal
solution (the vapor does not have to
behave as an ideal gas):

For ideal solutions
MA liquid = H7A liquid = RTInX,  (ideal
solution)

Ha iiquid IS the chemical potential of the

solvent in the liquid solution

1A liquid 1S the chemical potential of the
pure liquid solvent

Xy 1S the mole fraction of solvent in the
liquid solution.
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If, in addition, the vapor behaves ideally,
then the mole fraction of A in the vapor
phase, y,, is, according to partial
pressures in the vapor:  ya = pal(PatpPs)



Near x, =1, pa = p s Xa Raoult’s law
Near x, =0, ps=KyaXs Henry's Law

,/ Henry’s law

0 XS, 1
Acetone CS,



7.2 The Gibbs-Duhem Equation

In general, when the number of moles
can change (open system), i.e., dn # 0
dG = Vdp -SdT + A dnA + upg dnB

at constant T and p,
dGr, =padng + ugdng

Since u, Is the Gibbs free energy per
mole of A, for a two-component mixture,
G = napa + Nplp

When the composition is changed
Infinitesimally, mathematically we can
write

dG = s dny +nadus + pgdng + ngdyg

Comparing the two we must therefore
have, nydu, + ngdug =0



or more generally, for more than 2
components,

>, n.du, =0 Gibbs-Duhem eqn.

That is, the chemical potential of one
component of a mixture cannot change
independently of the chemical potentials
of the other components.

7.3 The Chemical Potential in the Ideal
Dilute Solution

The Gibbs-Duhem equation can be

used to calculate the chemical potential

of the solute from that of the solvent ina

binary ideal solution:

Start with:

nadu, + ngdug = 0 Gibbs-Duhem eqn.

dug =-(na/ng)dus = - (xa/ xg) dus




Now specialize to an ideal solution:

For ideal solutions

Ma, liquid = KA, liquia = RTINX, (ideal
solution)

Keeping T and p constant, differentiate,

dMA, liquid = RTd lnXA — RT(dXA/XA)

But Gibbs-Duhem had

dug = - (Xa/ Xp) dpa

Replace du, in above, to get

dMB —_- (XA /XB)RT(dXA /XA) — -(RT/XB )dXA
Now use

X4+ Xg=1, dx,+dxg=0ordx,=-dxg
we get

dMB — (RT/XB )dXB

For component B

LB, liquid = 1B, liquid = RTINXg (ideal
solution)

IS consistent with the above eqn. box.




7.4 Henry’s law

Another experimental finding is that in
the limiting case of a solution very dilute
In the solute B, the partial pressure of B
in the vapor is directly proportional to
the mole fraction of B in the liquid:

P = Ky Xz Henry’s law

This equation also says:

The equilibrium molefraction xz, the
solubility of a gas in the solution, is
related to the partial pressure of that
constituent in the gaseous phase in
equilibrium with the liquid.




7.5 Colligative Properties, Freezing Point
Depression, Boiling Point Elevation,
Osmotic Pressure

We now consider the situation when the
solute is non-volatile (does not have a
contribution to the vapor pressure).

FFor a solution in equilibrium with the
vapor of the pure solvent

® HA; liquid (T:p:XA) = MAavap(T:p)
If the solution is ideal, then
MA liquid = K Aliquia = RT1NX4 (ideal
or more explicitly, solution)
M liquia T:0,Xa) = 1WA liquia (T,0) +RTINX,
Thus,
“*A,quuid (T:p) + RT In Xao = HA,vap (T:p)

In XA = [“A,vap (T:p) - H*A,quuid] IRT
= AvapGIRT



Now for the boiling point:
To discover how T depends on X,
p being constant, we need to evaluate
(OTIOXa), -
Differentiate this eq.  with respect to x,
In x4 = (1/R) (AyapG/T)
dinx, /dx,= (1/R)[O(A,apGI T)OT](OTIOX ),
(1/Xa) == (VR AvapH/T*] ,(0TIOX), -
Now integrate between

pure solvent (x, =1 and T=T7%)

and solution (x4 and T):
P2 dxa /xa = = (1IR) " [AvapH/T?] AT
If further, A,,,H is nearly independent of
temperature,

INXa=AyapH/RI 1-1 |
L 771 ]

Since In x, is negative, T > T* .

The boiling point of the solution
containing a non-volatile solute is higher
than that of the pure solvent.



Now let us consider the freezing point:
For a solution in equilibrium with the
solid of the pure solvent
® Latiquid (T.0,Xa) = Hasoiid (T,P)

If the solution is ideal, then

MAliquid = M Alliquida = RTInX, (ideal

or more explicitly, solution)

MA liquid (1,0, Xa)= WA liquid (T,0)+RTIn X4
Thus,

Masolid (T,P) = Waiquia (T,p) + RT In xy4

INXa = [pasolia (T,0) - WA liquid VRT

- - AfUS G/RT = - (1/R)( Afus G/T)
Now for the freezing point:
To discover how T depends on Xy,
p being constant,
we need to evaluate (07/0x,) ,
Differentiate with respect to x,

dinxa/dxa= -(1/R)[&(AsG/TVOT](OT/OX ),
(1/%a) = (VR AsH/T?], (0T/0X,),



Now integrate between
pure solvent (x4, =1 and T=T%)
and solution (x, and T):
A dxy Ix4 = (UR) [+ [Are H/T?] AT
If further, A,H is nearly independent of

In x4 = Ap,s H/R |

temperature,
A+1
L T T

Since In x, is negative, T <T* .
The freezing point of the solution
containing a non-volatile solute is lower
than that of the pure solvent.
Sometimes, it makes sense to use
some other unit of concentration than
X4. If we use molality instead, moles of
solvent is [1000 g /Molecular Weight]
and moles of solute is m:
X, =1000/M = [1+(mM/1000)]”
1000/M + m



CJJ
Sticky Note
fus   not vap


In X, = — In [1+(mM/1000)]

dinx, =— M/1000 dm
[1+(mM/1000)]
Put it into:

dinx, = (1/R)[Aps H/T] AT
and assume Ay, H is independent of

temperature,
— dT/dm = [M/1000] RT*
[1+(mM/1000)]xAs,s H

For very low solute concentrations,
neglecting second term compared to 1:
~dT/dm= MRT

1000 Aq s H
Let K; = MRT** for molality
1000 Aqc H
For very small changes, then
—~ AT/m = Kf

where AT = (T-T7) is the “freezing point
depression”



To summarize, if the AT is sufficiently
small,
(T#-T)=m, K; where K; = MRT**
1000 Ao H
(T,-T,*)=my K, where K, = MRT**
1000 A, H
Otherwise,
mM=AycH/R | 1-1 |
1000 L T T

mM= A, HR| -1+1 |
1000 L T, T,*]



When the solute is non-volatile (does
not have a contribution to the vapor
pressure), then the vapor pressure of
the solution is lower than that of the
pure solvent:
If ideal solution behavior is observed,
the vapor pressure over the solution, p
s less than that of the pure solvent p*,
PIP*A = Xa -
To reach the same total vapor pressure
(1 atm) it will be necessary to take the
solution to a higher temperature, so the
boiling point of the solution is higher
than the pure solvent.




The chemical potential of a solvent in
the presence of a solute. The lowering
of the chemical potential of the liquid

has a greater effect on the freezing point
than on the boiling point because the
angles at which the lines intersect are
determined by S.
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Osmotic pressure

When a semipermeable membrane

separates a solution from the pure

solvent, the membrane being permeable

only to the solvent, the solvent will flow

from the pure solvent side to the

solution side until pa is the same on

both sides.

The additional pressure that needs to be

applied fo the solution side to achieve

equilibrium is the “osmotic pressure’.

In equilibrium with this solution is pure

solvent at pressure p,

® LA, liquid (T,0T7,Xa) = WA liquia (T,0) (1)
If the solution is ideal, then

LA liquid = M*A,ﬁquid + RTInx, (ideal solution)
specifically,

Ha liquid (T,0F 5,Xa) = WA liquid (T,0+7)
+ RTInxs (2)
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Eq. (2) substituted into (1) gives:
WA liquia (T,p+m) +RT In x4 = WA tiquid (T,0)
rearrange to:

WA liquid( T,p+m) - WA iquid( 750) = -RT In X,
Look at LHS, pure liquid solvent
Since (ow/op)r =V, |,

the left hand side is
L Vmdp =V, (ptn-p)=V,n
v p
", Vm n=-RTIn Xa
In X, = In(1-x5)

~ -Xg - (1/2)x5° - (1/3)x5° - (1/4)x5" -...

Vm T = RTXB
Substitute xg = ng/(ny+ng) ~ ng/n, to get
T Ny Vm =~ Ng RT
or mn=CgRT osmotic pressure
molarity is Cg

or V,, n = (RTM/1000) m; molality is my




7.6 Equilibria in Non-Ideal Systems: ...
The Concept of Activity a;,
(the Rational System, or the Practical
System, or in terms of Molalities)

Non-ideal solutions

P, i

Pacctonc
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Near X, =1, pa =P s Xa Raoult’s law
Near x, =0, ps = KyaXa Henry's Law

,/ Henry's law

0 Xcs: 1
Acetone CS,



Cy 013

Henry’s
law

. X CHCl; 1
Acetone Chloroform



The concept of activity
For the gas, we have already defined

activity:

W =u® + RTInf  (real gas)
1

For more than one component in a gas

mixture,

lvlf(T;p;X) = “i@T T RTIn .[i (TJpJX)
1
Define activity for a liquid solution,

Mi(TJp:X) = gz(Trp) + RTIn a, (T,p,X)

This definition of activity states the
equivalence of the activity to the
chemical potential. All the dependence
on the composition is contained in the
activity. Various activity definitions
correspond to the identification of

gz(Tip)



Three systems of defining activity:

e rational system

e practical system

e molality-based

In each case, we define the “ideal
system” used to define the limiting case
and then compare this with the real
system to define the activity. Along the
way g{ 7,p).is defined too.

Rational system:

Start with

wy (T,0,%) - wy *(T,p) = RTIn(p,/p* )
Raoult’s law gives (p./p* )=x,

The rational system is based a solution
that obeys Raoult’s law (for all x) as a
limiting case.

Mo, ideatl 1,0, X) = g *(T,p)+ RTIn x 4

For the real solution,

wi(T.p,x) =g,T,p) + RTIna, (T,p,x)




Identify g,(7,p) as the chemical potential
of the pure liquid, p,*(T,p) so that for
ideal solutions, a, approaches x,.

na (T,p,x) = 1y *(T,p) + RTIna,  (non-ideal
solution)

Since , (T,p,X) = w*(T,p) as x, -1,
this means a, =1 for the pure liquid.
W (7,0,X) - Wy idean(T,0,X) = RTIn(a,/x,)

Define the ratio (a,/x,) = v, , the rational
activity coefficient of component 4, that
which when multiplied by x, turns it into
activity.

vy=(a,/x,) v,—>1asx,—>1 rational




The solution in equilibrium with vapor,
iy (T,0,x) =, *(T,p)+ RTIna,

= Wy, gas (T.P)+ RTIN(f, /1)
and for the pure liquid in equil. w/ vapor,

Ha *(T:p) — My gas*(T:p)+ RTIn(j;fl */1)
Putting these together, we find

InaA "——'=|n(_ﬁ4 /‘](;4 *) )

g = lfa )

ora,=p,I/p,~ ifthe vaporis an ideal gas.

To find a, we need to measure partial
vapor pressures or colligative properties
for the solution:

na, =AyHR| -1+1 |
L T T

Na,=AgH/R[ 1-1 ]
LT, Tp* ]

V,n=-RTIna,




Now to find out how to get a,
The solution in equilibrium with vapor,
us (T,p,X) = up*(T,p) + RTIn Ki/p 5~
+ RTInag

= Up, 00" (T.P) + RTIN(f; /1)
and for the pure liquid in equil. w/ vapor,
s *(T.P) = 1p, ou™(T,P) + RTIn(f3 */1)
Putting these together,

Inagz=In(fpp5" f3"Ky)

Say=(fp Pp'lf5 Kn)

oraz = pp/Ky if the vapor is an ideal gas.

Can also obtain a; from colligative
properties, simply replace in previously
derived expressions
In x4 = In(1-xp)

~ -Xg - (1/2)x5° - (113)x5° - (1/4)x5" -...
and then replace x ; by az. For example,

V,,n = RT ay osmotic pressure




Practical system:

-or the solute:

~or solutions in which only the solvent
nas a molefraction close to 1, we need a
practical system for the solutes.
MB(T,p,X) = gB(T:rp) + RTlIn ap (T,p,X)
g (7,0,X) - 1z gean( T,P,X) = RTIn(ag/xp)
where vz = (az/x3) . However, as xz; — 0
this becomes indeterminate, we need to
find the correct limiting behavior.

Let g ;(T,p) be the chemical potential of
a hypothetical ideal solution that obeys
Henry’s law all the way. Using Henry’s
law p, = Ky x; for the ideal case:

Mg, idear T,P,X) = 1™ (T,p)*+ RTIn Kiy/p 5*
+RTIn X,

Compare with,

wa(1,0,X) = g5(T,p) + RTIna,(T,p,x)
Thus, the choice for the solute is

gs(T,p) = us*(T,p) +RTIn Ky/p 5*



For the real solution,
up(1,p,X) = u(T,p)*+RTIn Ky/p p*
+RTIna, (T,p,X)

g (1,0,X) = W jidean( T,0,X) = RT In(ap/xp)
As the ideal case is approached, i.e., as
B in the real solution behaves like
Henry’s law,
a; —> Xzas X, -0
Define the ratio (az/x3) = v5 , the activity
coefficient of component B, that which
when multiplied by x; turns it into
activity.

vg = (ag/Xz) vz —>1 as xz >0



ag =N, HR] 1-1
LT T
ag = AgpH/R[ -1+1 ]
T, Tp*

Practical system based on molality:

For solutions in which only the solvent
has a molefraction close to 1, we need a
practical system for the solutes. As in
above,

we(T.p,x) = g 5(T,p) + RTIn az (T,p,x)
Let g z(T,p) be the chemical potential of
a hypothetical ideal solution of unit
molality that obeys Henry’s law, Using
Henry’s law for p ;, but expressed in
molality rather than molefraction,

ps = K'y myfor the ideal case:

MB, ideal(T:pJX) — MB*(-TJP)-I_ RTln K’H/pB*
+ RTInmg,




Compare with,
MB(TJPJX) = gB(.TJp) + RTIn aB (TJp:X)
Thus, the choice for the solute is

gs(T.p) = w*(T,p) +RTIn K'/p 5*
For the real solution,

us(T,p,X) = wp™(T,p)+RTIn K'v/p 5*
+RTIna, (T,p,x)

g (7,0,X) = 1z (igean( T,0,X) = RTIn(ag/my)
As the ideal case is approached, i.e., as
B in the real solution behaves like
Henry’s law,
a — Mmzas m; —0
Define the ratio (az/m3) = v5 , the activity
coefficient of component B, that which
when multiplied by m; turns it into
activity.

Ve = (agImg) vy -1 as my —0



Now to find out how to get a;
The solution in equilibrium with vapor,

wg (T,p,x) = ug*(T,p)+ RTIn K'yy/p 5*
+ RTInay

= g, 00" (T,0) + RTIN(f /1)
and for the pure liquid in equil. w/ vapor,

He *(T,P) = Wp ous™(T,p) + RTIN(f3 */1)
Putting these together,

Inag=In(fzps"f5"K'n)

sag=(fz P 3K n)

oraz= pz/K'y ifthe vaporis an ideal gas.




Can also obtain a; from colligative
properties, simply replace mjz by ay in
previously derived expressions

V,, 1 = (RTM/1000) a5 osmotic pressure
az =1000A, H/R| 1-1 |
M | T T

agp = 1000A,,, H/R| -1+ 1 |
M L T, T,*]

if AT is sufficiently small,

(T-T=az K; where K; = MRT*
1000 A;,, H

(T-T=az K, where K, = MRT**
1000 A, H




Summary of activities:

Definition Rational Practical
applied to solvent solute
basis Xa Xg
definition | a,=/1/fa | ag=ps/Ky
of activity
a [a 4= pa/pP”al
definition of | v4 =aa/Xa | v8 =as/Xs
activity coeff
Y
limiting as Xas—1 as xg—0
behavior va—>1 vg—>1
a r—>Xa a g—>Xp
howto |Inas= ag = Ans H/R -
measure |-AusH/R - {(1/T )-(1/T¢)}
a {(1UTe)-(1/TF )}
Inay = - lag = AvapH/R :
= AvapH/R ) {“(1/Tb)+(1/Tb*)}
{-(UT)+(1/Tp™)}
Inas =-VadRT ag = V., 71RT
as=pa/Pa

ap = pPs/Kn




Summary of activities, solvent, solute

Definition Rational Practical
applied to— solvent solute
basis XA Xg
basis Raoult Henry
definition | ax=fa/f*a | as = ps/Ky
of activity
a @ A= Pa/P7al
definition of | y4 =aa/xa | v8 =as/Xg
activity coeff
I
limiting as Xa—1 as xg—0
behavior va—>1 vg—>1
'Y“‘)1 ar,—>Xa a g—>Xp
ideal solution| a4 jgeai=Xa | @B, ideat =XB
y=1
a=1, u7=u"1 pureliquid A | fictitious
for standard solution
o _ * .
state at 1 bar| ,,°r =y % having ps=Kjx




Summary of activities, solute:

Definition |Practical, mg| Practical
applied to— | solute solute
basis mg XB
basis Henry Henry
definition | ag=ps/K% | as = ps/Ky
of activity Pz = Ky mg
a a = ys(mp/1)
definition of | yv5 =ag/mpg | v8 =as/Xs
activity coeff
Y
limiting as xg—0 as xg—0
behavior va—>1 ve—>1
'Y—>1 a g—Mpg a g—>XgB
ideal solution| a g jgeas=MB | aB ideal =XB
y=1
a =1 for fictitious fictitious
standard | Henry’s law |  solution
statga b/" ral|  solution  |having pe=Ky
ar .
of unit

molality




Summary of activities u;=u 7+ RTIna

Definition
applied to— | gas mixture | pure gas
standard (fictitious pure| fictitious gas
state at 1 bar| gas at 1 bar | at 1 bar
HoT behaving behaving
ideally ideally
definition ar=fn |RMna
of activity, a = [ vdp
(or f fugacity a=f
for gases) In (f/p) =
lP[Z-11dp/p
definition of | v4 = fa/pa v = f/p
activity coeff
Y
limiting as p—0 as p—0
behavior va—>1 y—>1
ndl fa—>XaP f=p
ideal gas | faidear=Pa | fideal =P
v=1 = XAP




ur=p"r+ RTIn a
What is the nature of the state for which
the chemical potential is 47 , called the
standard state, that is, the state of unit
activity?

Standard state (state for which ¢ =1 at
a pressure of 1 bar)

component|  standard state basis

solvent A* pure liquid A Raoult
an = Pa/Pa /UA@T =UATT

solute B | fictitious Henry’s | Henry
ag = Ps/Kn|  |aw solution
having pg=Ky

solute B | fictitious Henry’s | Henry
law solution
of unit molality

gas hypothetical state | fugacity
In which the gas
IS at a pressure of
1 bar and
behaving perfectly




Calculate the activities a and activity
coefficients y in the rational system
for the actone-chloroform solution

Ky c from pc data at x¢c <0.10 {141.8
K a from ps data at x4, <0.10 |155.2
Xc given | 0.0 | 0.200.60|1.00
Pc given |xcKyel 35 142 | 293"
PA given |345*| 270 | 102 XaKua
we get:
ac = pc/p*c 0 1(0.120/0.485| 1.00
a = pa/p*al 1.00 |0.782/0.296] 0
Pc.ideal Xc p*c 0 59 176 | 293
Daieal | Xap™a | 345 | 276 | 138 | 0
Yc=_dc =dac/Xc 1.00
dowea  OF  10.484|0.595/0.809| ideal
’ pPc/Xc Pc in C
VA= da =aqs/Xs | 1.00
asidgeall  OF ideal 0.978/0.740/0.450
’ Pa/Xa P4 in A
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CJJ
Sticky Note
gamma(C) = KH(C)/p*(C) for chloroform at the limit of zero chloroform concentration in the solution

CJJ
Sticky Note
gamma(A) = KH(A)/p*(A) for acetone at the limit of zero acetone concentration in the solution
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