
Problem:  Calculate the entropy 
change that results from mixing 54.0 
g of water at 280 K with 27.0 g of 
water at 360 K in a vessel whose 
walls are perfectly insulated from the 
surroundings. Is this a spontaneous 
process? 
Consider the heat capacity of liquid 
water a constant over the 
temperature range from 280 K to 360 
K and to have the value 4.18 J K-1 g-1. 



 

Draw a picture  
Look inside the system only, and 
imagine the system to be in two 
parts, separated by a thermally 
conducting interface, each part doing 
its own system accounting of q (and 
w , had there been any work). 
Consider each part reversibly heating 
or cooling the other part. 
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qsurr =  0      since insulated, no q can 
pass across the boundary between 
system and its surroundings 
qsystem = 0 since insulated, no q can 
pass across the boundary between 
system and its surroundings 
Recall the definitions of concepts and 
terms:  
Second law of thermodynamics,  
dS = ɗqrev /T 
definition of heat capacity:      
ɗq = C dT 
qA system  
    = 54.0 g × 4.18 J K-1 g-1 × (Tf  -280) 
qB system  
   =  27.0 g × 4.18 J K-1 g-1 × (Tf  -360) 
Tf  = ?  



qsystem = 0 = qA system + qB system  
=54.0 g × 4.18 J K-1 g-1 × (Tf  -280)+  
27.0 g × 4.18 J K-1 g-1 × (Tf  -360) 
Solve for Tf  :     Tf  = 306.67 K 
 
 
dS = ɗqrev /T = CdT /T . Integrating 
gives ΔSA = C ln (Tf  /Ti   ) 
ΔSA system  
= 54.0 g × 4.18 J K-1 g-1  
              × ln (306.67 /280  )  
= +20.54  J K-1 

 

ΔSB system   

= 27.0 g × 4.18 J K-1 g-1  
              × ln (306.67/360  )  
= -18.10   J K-1 
 



ΔSsystem = ΔSA system  + ΔSB system     
= +20.54 -18.10 = +2.44  J K-1 
 
ΔSsurr = 0 since no q passed across 
the insulated boundary 
 
ΔSuniverse = ΔSsystem + ΔSsurr  
= +2.44  J K-1 

 
spontaneous process ?  YES 
because ΔSuniverse > 0 





















































 

Problem: Two moles of a monatomic ideal gas begins in a state with p = 
1.00 atm and T = 300 K. It is expanded reversibly and adiabatically until the 
volume has doubled; then it is expanded irreversibly and isothermally into a 
vacuum until the volume has doubled again; then it is heated reversibly and 
isothermally until a final state with p = 1.00 atm and T = 400 K is reached. 
Calculate ΔS system for this process. (Hint: There is an easy way to solve 
this problem and a hard way. You should, of course, choose the easy way.) 
                                                                                                                     . 



 
(1) Draw a picture   ideal monatomic gas    
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(2) Recall the definitions of concepts and terms:  
     Second law of thermodynamics, dS = dqrev/T 
     definition of heat capacity:     dq = C dT 
     heat capacities of one mole of an ideal gas are related: Cp = CV + R 
     heat capacity at constant volume for a monatomic gas is entirely due to             
                                                                           its translational energy   
     kinetic energy  = 3/2kB  T for one molecule       NAvogadro    ×kB = R 
     Sum up over all the infinitesimal slivers dS to get: 
                  ∫Sf

Si dS = Sf  - Si = ΔS   because S is a state function.  
 
(3) Solve the problem in the space below: 
      Using the concept that S is a state function, we could go from the given  
      initial state to the given final state via a reversible one-step constant 
      pressure  heating, for which path: 
 

  constant p   
 p =1.00 

atm 
 300 K 

reversible 
→ 

heating 

 p =1.00 
atm 

 400 K 

 

  dqrev  = Cp dT   
     

    
       ∫Sf

Si dS = Sf - Si = ΔS = ∫Tf
Ti dqrev/T =  ∫Tf

Ti Cp dT / T = Cp ln (Tf / Ti) 
       Since this is a monatomic gas, CV   = 3/2R.  
       Since it is an ideal gas, Cp = CV + R = (5/2)R 
        Cp = (5/2)( 8.31451 J K-1 mol-1  )  
        ΔS = Cp ln (Tf / Ti) = 2 mol × (5/2)( 8.31451 J K-1 mol-1  ) × ln(400/300) 
        ΔSsystem =  11.96   J K-1 
 
Alternatively we could have solved the problem by calculating ΔS for each 
step and adding up the values to get the overall ΔS. 
 
 



Considering each step separately: 
                                                                                                                     . 
 
(1) Draw a picture   ideal monatomic gas    
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Let us examine each step; if we had to calculate ΔSsystem for just this step, 
how would we do it? In the following pages we analyze what do we know 
about each step ? based on what concept or known condition of the system 
before/after for each step? to see how to go about calculating  various 
quantities like CV , Cp  , q, w, ΔU., ΔS, for an ideal gas. 
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  p1 V1 T1    
Since this was a reversible step, dqrev = dq = 0, ∴ dSsystem  = 0 for this step 
Also, we can find out all the other quantities, including the p V and T   for 
state 2, which we shall need in order to get the description of state 3.   

 What do we know?  Based on what concept? 
1 ΔU = q+w First law of thermodynamics 
2 q = 0 definition of adiabatic 
3  

dU =CV   dT 
ideal gas, internal energy depends 

only on temperature 
4  CV = (3/2)R per mole monatomic gas 
5  dw = - popposing dV definition of work 
6 pgas = popposing  at all times reversible 
7 pgas  V = nRT ideal gas 
8 dS = dqrev  /T Second law of thermodynamics 
   

9 ∴ dU = dw 1 & 2 
10  dw = - (nRT/V) dV 5, 6 & 7 
11  dU = n(3/2)R dT 3 & 4 
12 ∴ n(3/2)R dT = - (nRT/V) dV 9, 10 & 11 
13 (3/2) dT /T = -  dV / V rearrange 
14 (3/2) ln(T2 /T1) = - ln(V2 / V1) summing up on both sides 
15 ΔUa = n(3/2)R (T2  -T1) summing up the small dU in 11 
16  ∴ w = ΔU 9 
17 q = qrev reversible 
18 ∴ dS = 0 2, 8, 17  
19 ∴ ΔSa = 0 summing up the small dS in 18 

we are given p1, T1  and n ,  
 so we can solve for V1  from p1  V1 = n RT1 
we are given V2 = 2V1 , which when substituted into eq. 14 gives 
  (3/2) ln(T2 /T1) = -  ln(V2 / V1) = -ln(2)   or (T2 /300)3/2 = (1/2) 
Now that we have V2, and T2, we can calculate all the quantities: Calculate 
ΔU from 15. Calculate w from 16. Calculate p2 from 7. 
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 What do we know?  Based on what concept? 
1 ΔU = q+w First law of thermodynamics 
2 dT = 0 isothermal 
3  

dU =CV   dT 
ideal gas, internal energy depends 

only on temperature 
4  CV = (3/2)R per mole monatomic gas 
5  dw = - popposing dV definition of work 
6 pgas  V = nRT ideal gas 
7 dS = dqrev  /T Second law of thermodynamics 
   

8 p2V2 = nRT2 ideal gas in state 2 
9 p32V2 = nRT2 ideal gas in state 3, T3=T2, V3=2V2 

10 ∴ p3 = ½ p2 9 ÷ 8 
11 popposing = 0 expansion into vacuum 
12 ∴ w = 0= wirrev 5 & 11, expansion into vacuum is 

irrev 
13 ∴ q = qirrev = ΔU 1 & 12 
14  dU = n(3/2)R dT 3 & 4 
15 ΔU = n(3/2)R (T3  -T2) summing up the small dU in 14 
16  ∴ ΔUb = 0 2 & 15 
17 qirrev = 0 13 & 16 
18  we need qrev = - wrev 1 & 16 
19 pgas = popposing  at all times imagine a reversible expansion 
20  dwrev = - (nRT/V) dV 5, 6 & 19 
21 wrev = - nRT2  ln (2V2  /V2) summing up the small dw in 20 
22 ∴ qrev =+nRT2  ln (2V2  /V2) 18 & 21 
23 ∴ ΔSb = nR ln (2) 7 & 22 

Now we know p3 =½ p2, V3  = 2V2 = 4V1, T3 = T2 . 
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 What do we know?  Based on what concept? 

1 ΔU = q+w First law of thermodynamics 
2 dV = 0 constant volume 
3  

dU =CV   dT 
ideal gas, internal energy depends 

only on temperature 
4  CV = (3/2)R per mole monatomic gas 
5  dw = - popposing dV definition of work 
6 pgas  V = nRT ideal gas 
7 dS = dqrev  /T Second law of thermodynamics 
   

8 w = 0 2 & 5 
9 ∴ dU = dq 1 & 8 

10  dU = n(3/2)R dT 3 & 4 
11 dq = dqrev reversible heating 
12  ∴ dqrev = n(3/2)R dT 9, 10, & 11 
13 ∴ dS = n(3/2)R dT/T 7, 12  
14 ∴ ΔSc = n(3/2)R ln(T4 /T3) summing up the small dS in 13 
15 ∴ ΔUc = n(3/2)R (T4 -T3) summing up the small dU in 10 
16  ∴ qrev = n(3/2)R (T4 -T3) 9 & 15 
17 p4= nRT4 / V 3 2 & 6 
18 p4= nR400 /4 V1 V4 = V3  = 2V2 = 4V1, T4 = 400 
19 ΔSc = n(3/2)R ln(400/T2) (T4/T3) = (400 K/T2) 
20 ΔSc = n(3/2)R ln(400/300) 

+ nR ln(2) 
19 and  

(T2 /300)3/2 = (1/2)  from step (a) 
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 What do we know?  Based on what concept? 
1 ΔU = q+w First law of thermodynamics 
2 dT = 0 isothermal 
3  

dU =CV   dT 
ideal gas, internal energy depends 

only on temperature 
4  CV = (3/2)R per mole monatomic gas 
5  dw = - popposing dV definition of work 
6 pgas  V = nRT ideal gas 
7 dS = dqrev  /T Second law of thermodynamics 
8 pgas = popposing  at all times reversible 
   

9 p4V4 = nRT4 ideal gas in state 4 
10 p5V5 = nRT5 ;  

V5 = nR400 K /1 atm) 
ideal gas in state 5 

11 V5 = V4 (p4 /1 atm)  10 ÷ 9 
12 V5  /V4 = 400/(300×4)= 1/3 11, p4= nR 400 K /4 V1   step (c) 

and 1 atm = nR300 / V1   step (a) 
13  dwrev = - (nRT/V) dV 5, 6 & 8 
14 dU = 0 2 & 3 
15 ∴ dqrev = - dwrev 1 & 14 
16  ∴ dqrev = (nRT/V) dV 13 & 15 
17 dS = nR dV/V 7 & 16  
18 ΔSd = nR ln(V5 /V4)  

= nR ln(1/3) 
summing up the small dS in 17 

and 12 
19  wrev = - nRT4 ln(V5 /V4)  

         = - nR 400 ln(1/3) 
summing up the small dw in 13 

and 12 
20  qrev = nR 400 ln(1/3) 15 & 19 

 
Now we know everything about each and every step. 



Summary: ΔStotal = ΔSa +ΔSb +ΔSc +ΔSd 
 
(a) ΔSa = 0  
(b) ΔSb = nR ln (2)  
(c) ΔSc = n(3/2)R ln(400/300) + nR ln(2)  
(d) ΔSd = nR ln(1/3)  
all ΔStotal = nR ln[(4/3)(400/300)3/2]  

       = nR (5/2) ln (400/300) 
 

 ∴  ΔStotal = 11.96 J K-1 exactly the same answer as was 
obtained doing it the easy way 

 
Summary: ΔUtotal = ΔUa +ΔUb +ΔUc +ΔUd 
 

(a) ΔUa = n(3/2)R (T2  -T1)  
(b) ΔUb = 0  
(c) ΔUc = n(3/2)R (T4 -T3)  
(d) ΔUd = 0  
all ΔUtotal = n(3/2)R (T2  -T1 +T4 -T3)  

= n(3/2)R (T4  -T1) 
since (T2  =T3) 

 ∴  ΔUtotal = 2494.35 J exactly the same answer as can be 
obtained by going directly from initial 

to final state, using 
ΔU = n(3/2)R (Tf  -Ti )  

 
Summary: 
 q total = q a + q b + q c + q d                  w total = w a + w b + wc + w d 
 

(a)  qa  = 0 w = n(3/2)R (T2  -T1) 
(b) qirrev = 0 wirrev= 0 
(c) qrev = n(3/2)R (T4 -T3) w = 0 
(d) qrev = nR 400 ln(1/3) wrev = - nR 400 ln(1/3) 
all q total = n(3/2)R(T4 -T3)  

         + nR 400 ln(1/3) 
w total = n(3/2)R(T2 -T1)  
            - nR 400 ln(1/3) 

 ΔUtotal = q total + w total  
= n(3/2)R (T2  -T1 +T4 -T3)  

= 2494.35 J 

 
 

exactly the same answer as above
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