Solutions to Problem Set 7

1. (a) rhombic sulfur — monoclinic sulfur
Equation Basis for the equation Eq.
#
dG =Vdp - SdT one of the four fundamental equations of 1
thermodynamics
[dG = |Vdp - [SdT integrate between (1 bar, 298 K) and (1 bar, TK) |2
3
GOt - G®295 =0 - [TS®7 - 298 S®6]
Assume that S®1 = S®,95 since given that the 4
GOt = G®95 - [TS®t - 298 S®,95] entropies vary only slightly with temperature for
GeT = Gezgg - [T - 298 ]086293 sulfur
Write this for rhombic and monoclinic sulfur 5
GO1r = G208, - [T - 298 ]S,
G®1m =G%98m - [T -298 ]0S®208 m
At temperature T rhombic and monoclinic sulfur 6
G®1; =G are in equilibrium at 1 bar
Substituting Eq 5 into Eq 6 7
G208 - [T - 298 [6S®293;
= G®98m - [T -298 ]#S®208m
0.0 - [T-298]e7.62= 23 - [T - 298 ]e7.78 | Substituting the numerical values into Eq. 7 8
Solving for T. At this temperature rhombic and 9
T=4418K Answer monoclinic sulfur are in equilibrium at 1 bar
HE  onoclinic Sketch u® vs. T for rhombic and monoclinic 10
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sulfur. The slope of the u®(T) vs. T plot is -S®

By the way, this problem is an example in lecture

notes part 6.




1. (b) For equilibrium to be established (no more net influx of water from the water side
through the membrane to the glucose solution side), the chemical potential of water
should be the same on both sides of the membrane.

On the solution side of the membrane there is an additional pressure = arising from the
column of solution. The osmotic pressure is the additional pressure that needs to be
applied to the solution side to achieve equilibrium with the pure solvent at pressure p.
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For the ideal solution, we can use mole fraction instead of activity

Equation Basis for the equation Eq.
#

WA liquid = LW*A vapor For pure liquid A in equilibrium with its own vapor | 1
at temperature T (* means pure)

LA, liquid solution = LA vapor For A in solution of A and B, in equilibrium with the | 2
vapor containing both A and B

Uavapor = UPaT1 + RT In(pa/1) For an ideal gas at temperature T (We assume 3
ideal vapor for this problem ; if non-ideal must use
fa instead of pa)

Uavapor = 1°aT1 + RT In(pa/1) For ideal vapor over a solution of A and B 4

Wavapor = Heat + RT In(p*a/1) For ideal vapor over pure liquid A 5

HA, liquid solution = ]J«*A,quuid Eq 2 minus Eq 1 6

={p®a1 * RT In(pa/1)}
- {},leA,T + RT In(p*A/1 )}

LA, liquid solution = 1 Aiquid = RT In(pa/p*a) 7

(pa/p*a) = Xa For an ideal solution, Raoult’s law holds , where 8
Xa is the mole fraction of A in the liquid solution

WA, liquid solution = M *Aliquid = RT InXa 9

Ww, liquid (T,P) For water in pure liquid water under pressure p 10
and temperature T

Uw, liquid solution (T, P+7T,Xw) For water in solution in which its mole fraction is 11

- Wwiiquid (T, p+n) = RT In x| Xw under pressure p+r and temperature T
1w, liquid (T,P) = Hw, liquid solution (T,P+7,Xy) | At equilibrium, chemical potential of water is the 12

the same on both sides of the membrane




1w, tiquid (T,P) = Wrw.iiquia (T, p+7) Substitute Eq 12 into Eq 11 13
= RT In xw
Wwliquid (T, P+) - 0w, tiquia (T,P) = Rearrange 14
- RTIn xw

dG = Vdp - SdT one of the four fundamental equations of 15
thermodynamics

du = (Ow/op)rdp + (OW/aT)edT n=w(T,p) 16
apply it to constant temperature as in this problem

du = (dw/op)rdp = Vdp and identify (ou/op)r

Wwiiquid (T, P*+m) - Ww, liquid (T,P) Identify the integral which produced the LHS of Eq | 17

= [, '™ (ow/op)rdp 14
= [,P""Vdp = V(p+n-p) = Vx
Vrn=- RT In Xy From Eq 14 and 15 18
In Xw = In(1-Xg) ~ -Xg -(1/2)xc” -(1/3)xa° | Use the sum of mole fractions = 1 and expand the | 19
- .. Inin a series

Vr = RT x¢ The relation between molar volume of liquid water | 20
the osmotic pressure and the mole fraction (of
glucose in this problem).

7 = pgh In this problem, the additional pressure is provided
by the hydrostatic pressure exerted by the column
of solution of height h cm and density p of the
solution in the column

p= 1gcm? Given

n=1gcm>x980.66 cm s x h cm x
107 kg/g x10% cm/m
n =1 x98.066 x h

g =980.66 cm s
Pascal = kgm™ s
n is in Pascal and h in cm

XG = nglucose/ (nglucose + nwater)
Nglucose = 1 g /180 g mol™ = 0.0055 mol

Nwater = (h ©1) Cm3°1 q cm'3

18.0 g mol”
Niotal = Nwater
xec= (1/180)e180 = 0.1
h el e1 h

definition of mole fraction
molar mass of CgH1205 is
(6x12.01+12x1.01+6x15.99) = 180

mass of water is volume of water x 1 g cm™
volume of water in the column is h cm x 1 cm?
molar mass of H,O is 2x1.01+15.99 = 18.0
since we found Ngjycose VEry small

V =18.0 g mol/(1 g cm™)
=18.0 cm® mol™
= 18.0 x10°® m® mol™

molar volume of liquid water

Vr = RT X
18.0 x10® m® mol™'x 98.066 h Pa =
8.3145 Pa m*> K mol™ 298Kx(0.1/ h)

T= 25 +273 given
substituting T, V, mand xg




h? = 8.3145e29840.1 Rearrange
18.0x10°98.066
h=375cm Solve for h
m = 36700 Pa Substituting h into = = 1 x98.066 x h

2. Given a binary ideal solution

Equation Basis for the equation Eq.
#
WA liquid = ¥ A vapor For pure liquid A in equilibrium with its own vapor | 1
at temperature T (* means pure)
LA, liquid solution = LA vapor For A in solution of A and B, in equilibrium with the | 2
vapor containing both A and B
Uavapor = 1A + RT In(pa/1) For an ideal gas at temperature T (We assume 3
ideal vapor for this problem ; if non-ideal must use
fa instead of pa)
Uavapor = 1°a1 + RT In(pa/1) For ideal vapor over a solution of A and B 4
Wavapor = HCaT + RT In(p*a/1) For ideal vapor over pure liquid A 5
WA, liquid solution = ™A liquid Eq 2 minus Eq 1 6
={ 7 + RTIn(pa/1)}
-{u®Pat *+ RT In(p*a/1)}
LA, liquid solution = 1 Ajiquid = RT In(pa/p*a) 7
(pa/p*a) = Xa For an ideal solution, Raoult’s law holds, where xp | 8
is the mole fraction of A in the liquid solution
PA = Xa P*a 9
Pe = X P*B 10
Ptot = Xa P*A+ XB P*B = Xa P*at+ (1-Xa) P”B
Pt = P8+ (P*A- P*B) XA 11
Piot IS @ linear function of xa Q.E.D.
Similarly can show
Pot = P*a+ (P"B- P*A) X8
YA = Pa /Prot Dalton’s law in the vapor phase 12
YA= __ Xa DA . Substitute Eq 9 pa = xa p*a into Eq 12 13
Xa P*a* (1-Xa) P*B
ya®{Xa p*a+ (1-Xa) P*8 } = Xa P"A
XA = YAP™B Solve for xa 14

-YAP*A +YAP*B+P*A




pa = YAP*B_P*A

-YAP*A tYAP*B+P*A Substitute Eq 14 into Eq 9 pa=Xxap*a 15
Ptot = PA/YA Rearrange Eq. 12 16
Prot = P*B_D*A Substitute Eq. 15 into Eq 16
-YAP*A +yaP*s tP*A
1 = -yap*aA+YaAD'B* DA Taking the reciprocal
Prot P*B P*A
=1/p*s + YA *( P 8- P*A)/P*8 P*A 17
(1/ptot) is a linear function of ya Q.E.D.
We can show By a similar series of steps
1/pwot =1/p*a + Y& *( P*A- P"B)/P*8 P*A
3. Given an ideal binary solution
Equation Basis for the equation Eq.
#
p = pi1t+p2 Given 1
p1 = n{RT/NV Assume gases 1 and 2 are ideal gases 2
P2 = ngRT/V 3
P1*Vm1* = RT Given, where subscript m means for 1 mol, 4
pP2*Vm2* = RT * means pure 5
X1 = p1/p*1 Given, Raoult’s law applies 6
X2 = pa/p*2 7
X1 = (N1RT/V)e (Va*/RT) = ny Vi 1*/V | Substitute Eq 2 and 4 into Eq 6 8
X2 = (N2RT/V)e (Vi 2*/RT) = no, Vi o*/V | Substitute Eq 3 and 5into Eq 7 9
X1+Xx2 =1 Sum of molefractions is 1 10
(N1 Vma*V) + (N2 Vi 2*IV) = 1 11
Nt Vm1* +n2Vmo* =V Q.E.D. Multiply Eq 11 by V
4. Given an ideal binary solution
Equation Basis for the equation Eq.
#
yi = X1.P*1 . Derived in problem 2 1
X1 p*1+ (1-x1) p*2
Y1-X1 =___ X1 P*1 . =Xy Find expression for y4-x1 2

X1 p*1+ (1-x1) p*2




Y1X1 = X1 D*1 = X1 °p*1 = X4(1-X1)D*
X1 p*1+ (1-x1) p*2

= [0*1- p*llxs - X4 7]

X1 [p*1- p*2] + p*2 3
(d/x1) (y1-X1) = {X1 [p*1- p*2] + p*2}e Find the extremum by differentiating the function 4
[p*1- p*2][1 - 2 x1] | y1-X1 and then setting the derivative to zero.
- [p*1 - P21 - x4 %] o[p*1 - p*2]
we leave out the denom™ because we
will set derivative to zero anyway.
{x1[p*1- p*2] + p*2}e ,
[P*1- p*2][1 - 2x1] - [p™1 - p*2][X1 - X1 7]
o[p*1-p*2] =0 °
Divide out [p*1 - p*2]
{x1 [p*1- p*al+p*2}e[1-2x1] -[X1 - X1 7] o
[P*1-p*2] =0
X1” [p*1- p*2] +2%1 p*2 1/- p*2 =0 6
X1 = -p* +[p"pH]”
[P*1- p*a] Answer Solve Eq 5 for x4 7
Pt = X1 P*1+(1-X41) p*2 Total vapor pressure when Raoult’s law holds 8
=p*2 + X1 [p*1- p*al
At this value of x4,
Pot = P*2 +{- P*2 + [p*1p*2 173 Substitute Eq 6 value of x4 at the extremum
Pt = [p*1p*2]” Answer Extremum in y4-x4 for ideal solution at this piot 9
5. For some non-ideal solution: Instead of Raoult’s law: p{ = x1p*1; p1 = X1p*1
we have p1 = (x1)?p*1and p2 = (x2)°p*2
Equation Basis for the equation Eq.
#
Pt =P1+ P2 Dalton’s law of partial pressures 1
p1 = (x1)°p*1; P2 = (X2)°p*2 Given 2
Pt = (X1)2p*1 + (X2)%p*2 Substitute Eq 2 into Eq 1
Pot = (x1)°p*1 + (1-x1)°p*2 3
(dptot /dx4) Find the extremum 4
=3 (X1)a-1 p*1 -a (1_X1)a-1 p*2= 0
[X1/(1-x1)]P" = p*2/ p*4 Solve for x4 to find the composition where pyt is an | 5

extremum




(d%prot /dx+%) Find the sign of the second derivative to see if 6
=a (x1)*" p*1-a (1-x1)*" p*, minimum or maximum
(d®Prot /dx1%) = a(a-1) (x1)** p*s
+a(a-1)(1-x1)*? p*,
(d®pot /dx1?) >0ifa>1 (concave since x¢ , 1-x1, p*1, p*2 are all positive quantities, |7
upwards or minimum) Q.E.D. | the sign of the second derivative will be
(d%pwt /dx4?) <0ifa <1 (concave determined by the sign of (a-1)
downwards or maximum) Q.E.D.
6.
Equation Basis for the equation Eq.
#
dG = Vdp - SdT one of the four fundamental equations of 1
thermodynamics
Viigdp - SiigdT = Vyapdp - SvapdT To maintain equilibrium between the pure liquid 2
under the equil. vapor pressure & the pure vapor
dp/dT = (Svap-Siiq) /(Vvap-Viiq) Clapeyron equation for pure substance 3
We can replace o o
(Svap-Siq)= (Hyap-Hig)/T vapor and liquid at equilibrium at T, AS = qrev/T
dp/p = (Hvap'Hqu)dT/RT2 Vvap-an =~ Vvap =~ RT/p 4
In(p/1atm) = [1/Tpoil -1/T]e(Hvap-Hiig) /R | Another form of the Clausius-Clapeyron eq when
(Hvap-Hiiq) = indep of T
In(p/1 atm)=(Hvap-H"q) /RTboi|]0[1 -Tbon/T]
= [(Svap-Siig)1/R] o[1-Tooil/ T]
(Svap=Siig)1/R Given 5
= 21 cal K'mol'/1.987cal K"'mol
=10.57
In(p/1atm)= 10.57[1-Tpoi/T]
(p/1atm) = exp{10.57[1-TooilT] } relates vapor pressure of pure liquid to boiling T | 6
Applying Eq 6
(p*p/1atm) = exp{10.57[1-353.2/T] } Vapor pressure of pure benzene as a functionof T | 7
(p*/1atm) = exp{10.57[1-383.7/T] } Vapor pressure of pure toluene as a functionof T | 8
Ptot = PbtpPt Dalton’s law of partial pressures for the vapor 9
Pb = XpP*b If Raoult’s law holds for the solution 10
Pt = XtP*t = (1-Xp)P™t
Ptot = XbP™b + (1-Xp)P™t Total vapor pressure of this ideal solution 11
(ptot/1 atm) = xpeexp{10.57[1-353.2/T]} | Subtituting Eq 7 & 8 into Eq 11 12
+ (1-xp)eexp{10.57[1-383.7/T]}
1 = x,eexp{10.57[1-353.2/T]} Boiling temperature of the liquid solution is T at 13
+ (1-x)0exp{10.57[1-383.7/T]} | Which pit = 1 atm. This Eq relates the boiling point
Answer | T of the mixture with mole fraction of benzene.
1= xpeexp{10.57(1-353.2/368.1)} Substitute boiling temperature is 95 °C or 368.1 K | 14

+ (1-xp)e exp{10.57(1-383.7/368.1)}




1 = xpeexp(0.42785)
+(1-xp)eexp(-0.44795)

Xp = 0.40 Answer

Solve for x,

7. ideal dilute solution, Raoult’s law holds for solvent and Henry’s law holds for the

solute
Equation Basis for the equation Eq.
#
p2 = KuXo Given Henry’s law for the solute 2 1
p1 = X1p*1 = (1-X2) p*1 Given Raoult’s law holds for solvent 2
Ptot = P1 + P2 Assume Dalton’s law of partial pressures holds for | 3
the vapor
Prot = (1-x2)p*1 + Kuxo  Answer Substituting Eq 1 and 2 into Eq 3 4
Y1 = P1/Prot Mole fraction in the vapor assuming Dalton’s law 5
holds
y1 = _(1-x2) p*1 . 6
(1-x2)p*1 + Kuxeo Answer
or else
y1 = X1 P*1 .
X1p*1 + Ky(1-X1) Answer
8. ideal dilute solutions of iodine in H,O and iodine in CCly4
- ].l(lz in HZO,T)
m L'l in CCl,,T)
Equation Basis for the equation Eq.
#
UH20 T = treo T + RTINan20 For solvent in both solutions, where * means pure,
Uccia,T = Hecu 1" + RTInaccu 1CH20,T= MH2o,T" 5 Mccu,T = Hccu T
where a0 = pr2o/P*H20 For ideal aqueous solution, activity coefficient
accu = Pcciu/P*ccu Y=an0/XH20=1; XH20= PH20/P*H20
Similarly for a CC|4 solution Xccis = pCC|4/p*CC|4
For a "non-volatile” solute in an ideal solution
for Iz in H2O, Usolute, T = Hesolute,T + RT In asoiute
ti2inH20,T = MCi2inH20,T + RT INn @zinH2o | Where pCsoue 1 is the chemical potential of a 1
for I in CCly, fictitious Henry’s law solution having Psoiute = Kn
2’ incoia,T = UCi2in cci,m *RT IN @i2in cois 2




2" in cCl4,T = iz in H20,T Eq 2 minus Eq 1 3
= 1®i2in cou,T -1C12in H20,T
+ RT In aiinccu
- RT In @ai2inn20
L2 in ccla.T = Li2in H20.T When |, is in equilibrium 4
0 = AG®t + RT In ai2inccis S
- RT In a2 in20
where the standard free energy
change is
AG®r= Helz in CCI4,T -Melz in H20,T 6
aiinccs = exp[-AG®1/RT] Note that exp[-AG®1/RT] does not depend onthe |7
a2 inH20 Q.E.D. | concentration of I, , only on temperature, therefore
aizinccia IS the partition coefficient the partition coefficient does not depend on
a12 inH20 concentration of the solute.
In the limit that a2 = x> for an ideal Define vy = ai2inr20 / X12 inH20 8
solution As Xp—> 0, ap—>Xi2, Y2 —1 ideal
Xizincclu = exp[-AG®+/RT] In this limit,
XI2 inH20 Xizinccs IS the partition coefficient
Xi2 inH20
For concentrations in terms of molality
In the limit that a ;2= m, for an ideal Define y = a2 inH20 / M2 inH20 8
solution Asmp— 0, ap—>mp, vy —>1
Miinccs = exp[-AG®7/RT] In this limit,
M2 inH20 Mpinccis IS the partition coefficient
M2 inH20
In this case, the standard free energy | except that u®soute 1 is the chemical potential of a
change is fictitious Henry’s law solution having unit molality
AG®1= p®i2incciaT -1°2in H2OT and obeys Henry’s law: psoiute = MsoluteKH
9. water(liquid) < ice
Equation Basis for the equation Eq.
#
G=H-TS Definition 1
G/T=H/T-S Divide Eq1by T 2
(OIGIT] 10T)p = (0 [H/T] /0T), - (6S/0T), | Taking (0/0T), of Eq 2 3
= - (H/T?) + (1/T)(6H/aT), | Differentiating Eq 3 4
- (0S/0T),
(3[GIT] 18T), = - (HIT?) Applying (0H/0T),= C, and (0S/0T),= C,/T to 5




This is the Gibbs-Helmholtz equation

Eq 4. Note that this expression was derived using
the temperature dependence of both H and S, just
that the two terms are equal and opposite in sign.

(8[AG/T] /8T), = - (AH/T?) Applying Eq 5 to both Ginitiat @and Ginal 6
(O[AwsGIT] 10T)p = - (ArsH/T?) Apply it to fusion 7
[AusG/T]z - [AusG/Tlt =AnsH {T2™" - Ty} | If we integrate Eq 7over a range of temperatures
i AH is 4he AND assume thaft AqsH is independent of
. T ‘ L. slope of tamgent + temperature in this temperature range.
G/T ';‘_.G_ Caa rve
| T
7T >
A phase(T4, p1) — B phase(T4, p1) (a) | The temperature or pressure dependence of the
A phase(T., p2) — A phase(T4, p1) (b) | change in a thermodynamic property H, S, A, G
B phase(T1, p1) — B phase(T2, p2) (c) | for any phase transformation can be obtained by
- - doing the transformation in steps and summing up
A phase(T2,p2) — B phase(Ta, p2) (d) tr;e thermodynamic property changes for each
step.
8

AH(d) = AH(a) +AH(b) +AH(c)
For water(liquid) < ice
AwsH(270,1 atm)
= AsH(273,1 atm)
+ 270273Cp(liq, 1 atm)dT
+ [,732"°C,(ice,1 atm)dT
= 79.7 + 1.00(273-270)
+0.48(270-273) cal g’
=81.3 calg’ Answer
AwsS(270,1 atm)
= grev(273,1 atm)/273
+ J2707°Cyp(lig,1 atm)dT/T
+ J27527°C, (ice,1 atm)dT/T
= AsH(273,1 atm)/273
+1.00 In(273/270)
+0.48 In(270/273)
=79.7/273
+(1.00-0.48)(0.011)
=0.298 calK" g
AwsG(270,1 atm)
= ArsH(270,1 atm)
- 270A1sS(270,1 atm)
=81.3 -270(0.298) cal g’
= 0.84 cal 9_1 Answer

Answer

H = H(T,p)

dH = C,dT + (oH/op)rdp

Here dp = 0 so just need to integrate over C,dT
for steps (b) and (c)

S =5(T.p)

dS = CdT/T + (6S/op)rdp

Here dp = 0 so just need to integrate over C,dT/T
for stgeps (b) and (c). This phase change is
reversible at (273, 1 atm)

grev = AfUSH(273,1 atm)/273

G = H - TS definition
at constant T, AG = AH- TAS




10. To find the heat capacity of a vapor heated along such a path that its pressure is
always equal to pr, the equilibrium vapor pressure at that temperature
vapor (pr1,T1) = vapor (prz,T2)

Equation Basis for the equation Eq.

#
(@) 1
C =Cp - T(0V/oT)pdp/dT Given
dp/dT = (Svap-Siig) /(Vvap-Viig) Given Clapeyron Eq (derived above in prob 6) 2
C = Cp - T(VIOT)p(Svap=Siiq) /(Vvap-Viig) | Substituting dp/dT from Eq 2 into Eq 1 3
(Svap=Siiq)= (Hvap-Hiig)/ T vapor and liquid at equilibrium at T, AS = qrev/T 4
C = C, - (0V/0T)p(Hvap-Hig) /(Vvap-Viiq) S

Q.E.D.
(b) (Vvap-Viig) ® Vvap For Viiq << Vyap (given) 6
Viap = RT/p Vapor is an ideal gas (given) 7
(oVIoT), = Rlp Differentiating Eq 7 8
C =Cp - (Hvap-Hiig)R/PVvap Substituting Eq 7 & 8 into Eq 5 9
C= Cp - (Hvap'an)/T Q.E.D. 10
(c) Given: T=373K;C,=9cal K" mol”,
AvapH = (Hyap-Hiig) = 9720 cal mol

C=9-9720/373 Substitute these into Eq 10
=-17.06 cal K" mol Answer | C, and Cy are always positive, that is, for constant

p (and constant V) processes, H (and U) increase

when the temperature of the system is increased

by adding heat (gsys > 0). On the other hand, this

negative value of C means that (dq/dT) < 0, that
is, as the temperature increases, the amount of
input heat required to maintain equilibrium
between the liquid and vapor decreases.




