S. Spontaneity and Equilibrium
5.1 The General Conditions for
Equilibrium and Spontaneity

What characteristics distinguish
irreversible (real) transformations from
reversible (idealized) transformations?

At every stage of a reversible
transformation, the system departs from
equilibrium only infinitesimally. The
system is transformed, yet remains
effectively at equilibrium throughout a
reversible change in state. The condition
for reversibility is therefore a condition of
equilibrium.

The condition for reversibility

is that TdS =g,

therefore the condition of equilibrium

Is that TdS =g,




The condition placed on an irreversible
change in state is the Clausius inequality,
AS > f 0Qirey /T  Clausius inequality

or write it in the form: TdS > 00,0,

or include both: TdS > g

First Law says 0g =dU - dW
Therefore, TdS > dU - oW
or —-dU+ W +TdS >0

This work includes all kinds
oW = - popdv + E]M/other
Thus,

—dU —popdV+ hWother +7dS >0
> spontaneous, = reversible




5.2 Define Helmholtz Free Energy, A ;
Define Gibbs Free Energy, G

Conditions for Equilibrium and

Spontaneity under constraints

(1) Transformations in isolated system

dU=0,aW =0, dg=0, TdS >0

(2) Transformations at constant T
sincedT =0, —-dU+ W +TdS+SdT >0
-dU-TS)>-adlW

Define A=U-TS

dA> oW




(3) Transformations at constant T and p
At constant pressure, p,, = p, the equilibrium
pressure of the system.

since dp = 0, and

d7 =0,

—dU —d(pV) + dW e, + d(TS) >0

—d(U +pV) +d(TS) > - dWoper

—d(U + pV=TS) = — dWopper

Define G=H-TS=U+pV-TS=A +pV

constant 7, p

—dG > -0W s

dG = f]Wothc—;'r, rev

-AG > _Wother

if OW 4, =0 : —-dG >0

AG s — spontaneous
change

AG =0 equilibrium

AGis + natural direction is

opposite

For constant T and p, spontaneous
changes can continue untildG =0 .




Summary

Constraint |Condition for |Equilibrium
spontaneity  |condition
none — -
(dU+pdV-TdS)(dU+pdV-TdS)
+ f]Wother =+ + j}]I/Vother =0
Isolated
system dS =+ dS=0
I'constant dA-0W=- |dA-dW=0
T,p constant
dG- EjVVoz‘her dG- E]VVoz‘her
VVother= 01
T,V constant dA = - dA=0
Wother= 0,
T,p constant dG = - dG =0




Maximum work that a system can do:
First Law says 0g =dU - oW
Since dS = 0q,./Tor  TdS =10q,,,
but if not reversible TdS > 0q;,.,
Therefore, IdS > dU - aW
or oW =>dU-TdS
Equality holds for reversibility:
the most negative value of dW and
therefore the maximum magnitude of
|0W] is given by dU -TdS.
At constant T then,

W, = AU - TAS
This says that in some cases, depending
on the sign of dS, not all the change in
internal energy of the system may be
available for doing work. If the change
occurs with a decrease in S of the
system, then the right hand side of the
egn. is not as negative as AU itself and
the maximum work is less than AU.



W, . =AU- TAS

If the change occurs with a decrease in S
of the system, for the change to be
spontaneous, some of the energy must
escape as heat so as to generate enough
entropy in the surroundings to overcome
the reduction in entropy in the system.

In this case Nature is demanding a tax on
the internal energy as it is converted into
work that passes across the boundary
into the surroundings.

Definition: A=U-TS

At constant T, AAr =AU - TAS
What we found above, W,,., = AU - TAS
says: AA is that part of the change in
Internal energy that we are free to use to
do work.



Consider a change in state of the
system such that
AU=-10kd and TAS=-1kJ

Can we get as much as 10 kJ of work to
appear in the surroundings? What are
the limitations?



(A) Carry out the change reversibly:.
ITdS - threv Qrev = -1 kJ
Wievfrom AU = qrey +Wiey

-10kd = -1+ Wey

Wiev = -9 kd =Wpax = AU - TAS
Here, dS < 0, so the change in state can
only happen if heat q is passed to the
surroundings to make TASg,,> 0 so
that AS¢¢ > 0. In this case ASs = O (rev).

(B) Carry out the change irreversibly -
| TdS = -1 kJ still true

Clausius inequality : TdS > 0Qirrev
then gijnev < -1 kd €.9., Qirev= -1.2 kJ
Wirev *qirev = AU is still true, therefore
Wirrev = -8.8 kd. Uess work appears in
the surroundings for the irreversible
process. ASs: > 0.



Consider a change in state of the
system such that
AU=-10kd and TAS=+1kJ

(A) Carry out the change reversibly:
JTdS = Ihqrev Qrev= 11 kJ
Wievfrom AU = qQrev +Wpey
-10 kd = +1 + W,

Wiev = -11 kJ

Wiax = AU - TAS
Here, dS > 0 and heat q is taken from
the surroundings, TASsur = -1 kd so that
ASior = 0 (rev)
(B) Carry out the change irreversibly -
| TdS = +1 kJ still true
Clausius inequality : TdS > 0(irrev
then Qinev < +1 kd €.9., Qirev= +0.8 kJ
Wirrev +qirev = AU is still true, therefore
Wirrev = -10.8 kd. Uess work than

maximum work appears in the
surroundings for the irreversible process.



gas at T1, p1, V, Path |

State A |
gas at T1, pz, V2 1
State B hoiiod | -
Path 1 Path 2
AE=0
Qirrev = = Wirrev Qrev = = Weev
Wirrev = 0 Wev = - RT In [Vﬁnal / V_initial]
Qirrev — 0 Grev ~ RT In [Vina [ Viitiall
Qsystem = = Gsurr
Assystem =R In [Vfinal /Vinitial]
Gsurr ~ 0 Qsurr ~ - RT In [Vsinai /Vinitial]
ASsur = qusurr
ASsurrr =0 ASsurr =-RIn [Vﬁnal /Vinitiai]

ASniverse = ASsysz‘em + ASsyrr

ASunive-rse- =R In [Vfinai / Vinitiai] >0 ASuniv«s‘rse =0
spontaneous at equilibrium



5.3 The Fundamental Equations of
Thermodynamics; The Maxwell Relations

Properties of a system:

e mechanical properties: p, V

e fundamental properties defined by the
laws of thermodynamics: T, U, S

e composite properties: H, A, G

The equations that relate these

properties to one another:

dU=TdS - pdV general condition of
equilibrium, from 1st
and 2nd Law

The definitions of the composite

properties:

H=U+pV; A=U-TS; G=H-TS



From these, we get by differentiation:
dH=dU+ pdV + Vdp

dA=dU-7dS -SdT

dG =dU + pdV +Vdp -TdS -SdT

Now introduce the 1st and 2nd Law:

dU = TdS -pdV into each, to get

dH = TdS -pdV + pdV + Vdp = TdS+ Vdp

dA = 7dS -pdV -TdS -SdT = -pdV -SdT

dG = 7dS -pdV + pdV +Vdp -TdS -SdT
= Vdp-SdT

These equations are sometimes called
the four fundamental equations of
thermodynamics

dU = TdS - pdV

dH = TdS+ Vdp

dA =-pdV -SdT

dG = Vdp -SdT




Since each of these equations is an exact
differential, the cross derivatives are
equal, from which we obtain

the four Maxwell relations:
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5.4 The Properties of G, The Gibbs
Helmbholtz Eqn.

Starting from

dG = Vdp-SdT
and considering the Gibbs free energy as
a function of temperature and pressure

dG = (0G/oT), dT + (0G/op)r dp

We find that

(0G/loT), =-8
These are two of the most important
pieces of information in thermodynamics.
the first one says “Increase in
temperature decreases the Gibbs free
energy If pressure is kept constant”
The second one says “Increase in
pressure increases the Gibbs free energy
at constant temperature”.



The Gibbs free energy of any pure
material at a given temperature is
JdG =[] Vdp attemperature T

G(T) =G, + f"’ Vdp.
1
For an ideal gas

G(T) =G + J’O nRT dp .
1P



Variation of free energy G
and enthalpy H of a pure substance
with T at constant P.



Temperature Dependence of the Free
Energy

Consider G/T:
(6(G /T) 18T), =-(G/T*) +(1/T)(6GIOT),
substitute G =H -TS
((G/T) I6T), =-(H-TS) /T’
+ (1/T)(6G/oT),
Recall that: (0G/loT), =-8
Thus,

(6(G /T) 16T), =-(H/T’)

Alternate derivation:
using G=H-TS G/T=H/T-S
(6(G /T) 16T), =-(H/T?) +(1/T)(0HIET),
- (0S/0T),
But (0H/oT), = C, and (0S/0T),= C,/T
Thus,

(6(G /T) 16T), =-(H/T")

This is the Gibbs-Helmholtz equation.



(G /T)I6T), =—(H/T?)

Since these relations apply to both G,
and G, , then

((AG/T) I6T), = —(AH/T?)

a very useful relation.

also can be written in the form

(3(G /T) I6(1IT)), =H
(3(AG /T) I3(1IT)), = AH

AH s the
T . Slope of targent +o
'dG/T é—%;_ Can rve

1/T —



3.5 The Chemical Potential, 1 of a Pure
Substance, fugacity

G(T)=GS; + RTIn p (ideal gas)
n n 1

Define the free energy per mole
(the chemical potential):

wT)=p°; + RTIn p (ideal gas)

1
Thus, pressure measures the free energy of
an ideal gas.

For a real gas, define a function of the state

which will express the molar free energy of a
real gas in the same form as for an ideal gas:
the fugacity f

wT)=u°; + RTInf (real gas)
1

fugacity measures the free energy of a
real gas.




Start from
dG = Vdp attemperature T
consider one mole
du = Vdp (real gas) dpy =V, dp (ideal)
subtract
d(p - mg ) = (V- Vi) dp
Integrate between limits p*and p

(1= pig) = (W - ™) = Jp (V- Vi) dp.
-

Now let p*— O,

In this limit as p*— 0, p*> py*

Thus the equation becomes

(b - wig) = fp (V- Vi) dp.
0

Into this, insert the following:

i (T) =p~7 + RTIn p
1

wWT)=pn"; + RTInf  (real gas)
1



F\’Tlnl j (V- Vi) dp

Ini (V' ld) dp
p o RT
The compressibility factor of a real gas is
Z=pV/RT or V/IRT =2/p
whereas Vy/RT =1/p
Thus,

In f = J"’ (Z-1)dp
P o P

Plot (Z-1)/p and measure the area under
the curve. This area is dimensionless
and provides In( f/p) .

Since Z is a function of both temperature
and pressure, sois f(T,p).




The standard state of a gas is a
hypothetical state in which the gas is at a
pressure 1 bar and behaving perfectly

Attractions Repulsions

dominant dominant
(f< p) (f> p)
|
4|
T |
2
c |
21 Perfect
al gas
S
S
El
L b Y.
..oé/ p® Pressure, p

1 bar



