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TIME-DEPENDENT PERTURBATION
THEORY

Suppose we have a system such that for #% NOT
EXPLICITLY dependent on time,
Vs (1) = O, exp[-iE t/R] are the known solutions:

3HO(0) = in(@/0) W and H9= End,

Now consider another Hamiltonian

H =1 + 3HO)
The solution to # will be a linear combination of the
complete set of (t) solutions to 1
HY () = ih(o/ot)¥(t) where

() = ar(t) i) + ax(t) wat) + as® ys®) +...

Let us illustrate with a two-level system:
Subst. W(t) = a1()d; exp[-iEt/A] + ax(t) ¢, exp[-iE,t/H]
in 7Yt =in(0/ot)¥Y (). The only terms left are

a, (O H ()b exp[-iEt/A]

+ ay()HI ()b, exp[-iExt/h] =
ih(da,(t)/dt) ¢, exp[-iE t/A] +
if(day(t)/dt) ¢, exp[-iEst/A]




Operate on both sides with J¢,*dr:
a,(©HY,; exp[-iE t/h] + ay(YH" ), exp[-iEyt/A] =
| in(da;(t)/dt) exp[-iEit/h] &&
- where H(l)lz— J.(I)l>x< ﬂ{l)(t)(l)zd’c
Rearrange eqn &&:
da;(t)y/dt =
(1/in) { a;H®Y); + a,()H"Y 2 exp[-i(E, - B/ hl}
Assume that H(l)u(t) = () at all times (i.e., no self-
interaction).

Then, dal(t)/ dt = (az(t)/ lh) H( )12(t) exp[+z(E1 Ez)t/ h]
Similarly,
da,(ty/dt = (a;®)/if) HVy(t) exp[+i(E, - E)W/A]

Generalize to more than 2 levels : |
day(®)/dt = (1/ih)Z, an®H (t) exp[+i(Ey - Et/A]  **

Let the system be in state 1, initially (t"‘O) then
a;i(0) = 1 and all others(0) = 0 | |
Time integration of eq ** from t=0 to short time t;,

ag(t))- a(0) = (1/ik) Jo™" aityH5(t) exp[+i(Es- E)t/Aldt

Note that af0) =0 and a;(t,) = 1



agt) = (1/iR) Jo™ HYg() exp[i(Ee- E)t/R]dt

The time-varying perturbation #"(t) causes the system
which was initially in state 1 to end up as a linear
combination

Y(t) = a;(t)d; exp[-iEt/h] + ax(t) ¢, exp[-iE t/A] + ...
where each of the coefficients aqt) can be found by
ai(t) = (1/i) oo HV4(t) exp[i(Es- E)t/A]dt

Now apply this to 7 t) = -peg(exp™' + exp ™" for
the electric field of the radiation of frequency @ = 2nv
interacting with all charges q (nuclei and electrons) of a

molecule, and write E¢- E; = fiog to express energies in
same way 1n: |

adt) = ppe€ (1/ih) [ —o dt (exp+i“’t+exp e Yexp (EL- Env
ag(t) =_Ug®E ( exp WHON ] 4 gxptHOFON g ]
| ih L i(0s+m) I(04-0) J

note 11 becomes very large
when ®g- ® ~ O (at resonance)



ac () ~ e [ 1- exp™ @Ot )
heo L (ep@) )

Take the absolute square af*(t) ar(t):

| ar (t)l 2 o I LGoE I 2 [1_ eprri(mﬁ-m)t-l[ 1- exp-i(coﬁ-co)t-l
n (04-®)°
las(t)| * =~ | Ugo€ | *[2 - 2cos( 0 4-0)t]
W (o)ﬁ-co)2 |
lact)| >~ | ugee | * [sin*Vs(w4-@)t] now, use lim sin’x =1
52 (o of x>0 2

lact)| >~ | pgeel*t  for o =w
72
At time t=0, system is in state ¢ :
| a;(0)| *=1, | as(0)| *=0
At time t=t not too long after perturbation is turned on,
the probability of finding the system (which was in
state ¢;) in the state ¢; 1s

lact)|? =] ugee|*t* formy =0  and la;j@)|* =1-6.
> i
; |



For the transitions into states that have energy that

differ by o from the energy of the initial state, the

transition probability per unit time from state 1 to states

f is given by

Wi per second = 27 | Un®c I 2 /h e {density of final states per
unit of energy}

“Fermi golden rule”

Irradiance I (time-averaged power per unit area) 1s

related to the electric field amplitude & by I = % cege?
where e, is the permittivity of free space,

where I = [ cp(w)do where p(w) is the energy density
in the angular frequency interval between @ and
o + dw for a nearly monochromatic directional beam.

Wi_sper second = 27 | ngl 2 p(Wir,E0x)

72
where p(w;ir,E0x) 1S the energy density at the frequency
w;r for x polarized light that provides a range of
frequencies with the same g, for each frequency.



For isotropic light, p(w;s,&x) 1s the same for y and z and

is equal to 1/3 of the total energy density so that,
for 1sotropic light, the total transition rate 1s

W, per second = (271/3) | s 2 p(®;)
72

{ 1

B

B is Einstein’s COEFFICIENT

of STIMULATED ABSORPTION (E¢>E;)

or STIMULATED EMISSION (E;< E)),

the same since we never stipulated which was greater.
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-ueE(t) (electric dipole moment) e(electric field vector)
~Minduced ®*E (t) Minduced = OLE E (t) =2 E COS(Zth)
-Uspin ®B; ()  (magnetic dip. mom.)e(magnetic field vector)

For isotropic light, the total transition rate
from initial state 1 to final state f is given by

Wi =  Bius p(Vir)

transitions Einstein’s radiation

per second coefficient density
for at frequency vis
stimulated (total radiation
absorption energy
or per unit volume
emission per unit frequency)

Bisr = 2n {]W¥i*u¥:;dt}* for electric
3h° dipole
transitions

dipole moment operator P =l + pyJ + p K
e = 258X My = 2 &Y Wz = 2 €iZ;




dx

o > |-

Lambert-Beer law - dl = ay(v) | C dx

concentration Cmol =10° cm® W

L L NAVO
radiation intensity | = C  p(vi)
radiation energy N

flowing through
a 1 cm? cross sectional area in 1 second

molar extinction om(v) Lmolem™
coefficient

loss of intensity - Al = N, Bi_s p(vir) dx hvis

through layer dx # photons energy
In 1 second with per second per

an energy absorption per unit photon
hvi for each transition  volume absorbed

N, Bios p(vir) dx hvis =awm(vir)C p(vir)10° N dx
n 1sec Naw
*.am(Vir) = N Nayo Biys hvie L mol™ cm™
c 10°
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RELATIVE PROBABILITY

© 046 086

FiG. |. 'Probability amplitude for nuclear position in the
vV = 0 and V = 34 vibrational states. For proper relative
scaling multiply the vertical component of the V = 0 graph by

- 25. . OO moleeude

prom Can. J. Phys. 62,1577 (1404)
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TABLE 11
Band Origins of the A'3*-X'%* System of "LiH

Eﬁ .
Vv" [ T>2 3 4 5 6 7 8 ' 9
\Za )
W‘\ 0 21997 .81 1227.77 20770.04 1185.45 19584.59 1143.90 18440.69 1102.59 17338.10 1061.71 16276.39 1021.16 15255.23 980.24

. . - = &
280.72 280.81 4@ 280,75 280.91 280.93 280,87

1227.68 21050.85 1185.51 19865.34 1143.74 18721.60 1102.57 17619.03 1061.77 16557.26
————— o mm— ol

313.04 312.85 312.96 J13.00

16870.26 1021.16 15849.10

P2597 .57 1227.87 21363.70 1185.40 20778.30

335.69 335.69 335.62 3.0 ) 335.55
3| 24198.13 1270.87 |22927.26 1227.94 21699.32 1185.112 20514.21 1143.64% 19370.57 1102.73 18267.84 1062.03° 17205.81

352.82 352.90 352.73 352,52
4] 24550.9511270.79) 23280.16 20866.94 1143.85 19723.09 16537.59 980.59
T - - - - - l . ae—
366.14 365.70

22417.88 1185.24 21232.64 | 17924.83

W"" ' 375.72 - N

52&%4& 22793.60 2046405 [N 10 "o 12
P - ‘ v'
22745 382.94

5 24917.09

0| 980.24 14274.99 939.97 13335.02

20847.39
280.86
. 1 13615.88 897,97 12117.91
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TABLE III

Average Experimental Vibrational Spacings AG' and AG” (in cm™") in the
A'Z* and X'3* States of LiH

AG' (v + %) in A 15t AG" (v + %) in X 1zt
v Table 11 Ref. 4 Table 11 Ref. 4
1/2 280.84 280.81 1359.76
3/2 312.97 312.81 '1314.85
5/2 395.69 33545 Q210870 12091
7/2 352.74 352.79 1227.82 1228.92
9/2 365.92  365.85 1185.40 1185.33
11/2 375.72 375.60 1143.83
13/2 - 382.94 382,68 1102.63
15/2 387.55 1061, 74
17/2 390.37 1021.16
19/2 391.59 80,42
21/2 391.0 939.97
23/2 389.19 897.97
25/2 385,94
21/2 381,32
292 | 375.21

Note. Recommended values are ﬁndcrling:d.
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BeJ(3+1) - D[JJ+1)]* - ae(v+Y5)J(I+1) + Yoo
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B. =#"/2uR.2 B. rotational constant
hxeve = Y4 B I(Ave ) - { (“U5)Bo[U (RIRT /(v,)?
| - U'RJR' }

X¢Ve anharmonicity constant

D. =4 B. /(hv,
- D, centrifugal distortion constant
C0e=-2B/hve - {3 + 2 BJU”(RIRS P /(hv,) )

o, Vibrational rotational coupling constant
Yoo =B.*/16(hve )’ - { UROR,

= ()B[U(RIRS /(v )

hve =(W2m)[UR) /u]” v, harmonic frequency
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R. equilibrium bond length
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