Problem Set 3 Answers
On Separation of Variables

1. (@) {-(F*12MR?)&16d,> -(h*12M,R?) &16d,°} W(dy &) = EX (91 )
Let W(b1, ¢2) = w(ds)e w(d2)
{-(W*12MiR?)&%10¢1” - (W12M2R?) &°102" by (dr)e w(h2) = Ew(dr)e w(62)
W(0){-(7°12M1R?) 310417 w(01)} + w(01){- (B*12M2R?) &°106:°w(02) } = Ew(d1)e w(¢2)
Dividing both sides by y(d1)e w(d,)
{-(F*2M;RA* 09, > w(dr)} + {- (B*12M,R?) &*ob2w(d)} =E

W(h1) W(h2)

Since ¢, and ¢, are independent variables, then the first term has nothing to do with
the second, so the only way the sum can equal a constant E is if the first term is
eqgual to a constant E; and the second term is equal to a constant E, such that
E1+E2 =E
Therefore
{-(B42M; RO o0, w(9))}  =E;

w(¢1)
{- (hZ/ZI\/IZRZ)_ﬁgléd)ZZ\u(d)Z)-} = E2

v(92)
Solving,
{-(*12MR?) 100> w(9)} = Exy(dn)
we find i (d1) = (1/ V27) exp[i kid,] satisfies this equation with eigenvalues
Kk ?H°12M;R?
Therefore
Y(b1, §2) = (1/\/27r) expl[i k1(|)1]0(l/\/27t) exp[i kao,].
E = k2h°12M;R? + k,°H%12M,R?

2. Similarly for 6 electrons:
(@) {-(7*12mR*)109.* -(h*12M,R?) 8°184,” -(H212m.R?)&0ds> -(H*12meR?)
02~ (H212mRY)0ds? -(H12MeR?) 6°10d6”} P(d1, B2, b3, da, Os, Og) =
EW¥(d1, d2, 03, Ga, O5, Po)

(b) P (91, d2, O3, Pay ds, G6)= W(P1)® w(d2) oy (hs)e W(da) oy(ds)e w(Pe)

P(d1, b2, b3, G, b5, de)= (L/N27) expli kydps]e(1/V2m) exp[i kapo]e (1/N2r)
exp[i kshs]e(1/N21) exp[i kada]e (1/N21) exp[i ksds]e(1/N2r) expli keds]

E = k?722meR? + K, 1%12meR? + k3?h2/2meR% + k,2h212m R? + ks?h?/2m.R? +
ke?h?/2m.R?



where k; =0, +1, £2, ..., similarly for k, , etc.

(c) Invoking the condition that no two electrons can have the same k value, the
lowest energy can be (k; kz k3 k4 ks kg) = (0011-1-1) with total energy given by
(0+0+1+1+1+1) #*/2m.R? = 4 n?*/2m.R?

The next lowest energy will be given by (k; ks k3 k4 ks ke) = (0011-12) or (0011-1-2)
or (0012-1-1) or (001-2-1-1) [not including permuting the electron’s numbers]
with energy (0+0+1+1+1+4) #*/2m.R? = 7 #*/2mR?

The next lowest energy will be given by (k; ko k3 ks ks kg) = (011-1-12)
or (011-1-1-2) with energy (0+1+1+1+1+4) #°/2m.R* = 8 #*/2mR?

(d) Jy * X v dt where X = Rcos¢ =
The peak intensity depends on the square of the integral:
mm\P*((I)l, b2, O3, Os, G5, ) R[cosdhy + cosdho+ cosds+ cosds+ coshs+ cosde]
(01, b2, d3, da, 05, G)dd1 A2 ddz Aoy ddps de

This integral leads to a sum of integrals:

6(k2,k21). 6(k3,k31). 6(k4,k41). 6(k5,k51). 6(k6,k61).,[\|l*k1((1)1) RCOS(I)]_\V,k]_’(d)l)dd)l
+0(k1,K1")e d(Ka,ks")e d(Ks,ks')e 5(ks,Ks')e 8(k6,k6’)°f\lf k2™ (d2) Reosdoy’ 1o (¢2)d o
+8(k1,k1,). 6(k2,k21). 6(k4,k41). 6(k5,k51). S(ke,k61)._‘.\|l k3*(¢3) RCOS(i)3\|I’ k3*((|)3)d(|)3
+3(K1,K1')® (K1,K1')® S(Kz,k3")e (Ks,ks")® 3(Ke,Ke') ol ka*(9a) Reosday” kar($a)dos
+8(k1,k1,). 6(k2,k21). 6(k3,k31). 6(k4,k41). S(ke,k61)._‘.\|l k5*(¢5) RCOS(i)5\|I’ k5’((|)5)d(|)5
+0(k1,k1")e (Ko, kz")e &(Ks3,ka')e 5(Ka,ks')e 8(k5,1<5’)°f\lf ke~ (§s) Rcosdsy’ e (Ps)dds

where the delta function d(k,,k,’) = 1 if ko=k,’ and O otherwise. These delta functions
result from the fact that the eigenfunctions are orthonormal.

The only term that can survive is when ki=k;" for all except that corresponding to
the operator Rcos¢;. This means that a transition is only possible between 6-
electron states W(d1, ¢,, 03, 04, ds5, dg) that differ by no more than one electron’s
guantum number, and it is that one for which the integral Iw*kj(q)j) Rcosdy’ i (¢;)do;
has to be evaluated. In turn, this latter integral is evaluated by using the identity

cos¢ = ¥2[exp(i¢) + exp(-i¢)]

[ (1N2r) expl-i kudi]e Yolexp(idn) + exp(-ipa)]e(L/N2n) expli k'1p1] dds =
(1/4m)[0(ky,ky'+1)+ 0(ky,kq’-1)],  thatis k; and k' have to differ by 1.




22 h?12m,R? .

% L 12 h2/2meR2 _ ee °
o0 0 ')
4 degenerate states
Total energy = (4) #°/2m.R? Total energy = (7) #*/2m.R?

(e) perimeter of the circle is 6(1.394) A = 21R; R = 1.331 A. The longest
wavelength corresponds to transition from ground (4)#%/2m.R?to excited state

(7)i°12m¢R?* with transition energy = 3 #°/2m.R* . Convert this energy to
wavelength by AE = hc/A or A = (8n ’meR*c/3h)

electron mass = 9.10938188 x 10° g, R=1.331 A, c=3x10"cmss*
A= 8r%9.10938188 x 10~ (1.331x 10‘) 23x10%°
=27

3x6.62618x10
L= 1920 x10%cm

(f) Two condensed rings outer perimeter = 10(1.394) A = 2xR.
For N, rings, [6+4(N,- 1)](1.394) = 2nR;

The radius of the equivalent “circle” is R=[6+4(N,- 1)](1.394)/ 2=
The number of electrons is 6+4(N, - 1).

The ground state energy is 4+4(2°%)+ 4(3%) + 4(4°) + ...

For Ni=2: Egq = [4+4(2%)] 1°12m(10x1.394/2r)

For Ni=3: Egq = [4+4(2%) + 4(3%)] h*/2m.(14x1.394/21)°

For Ni=4: Egq = [4+4(2%) + 4(3%) + 4(4°)] 1*12m4(18x1.394/2r)°

For the lowest excited states:

For Ni=2: Eexcited = [4+3(2%)+ 3% ] h2/2me(10x1 394/2n)°

For N;=3: Eeycited = [4+4(2°) + 3(3%)+ 47] h2/2me(14x1 394/2n)°

For N;=4: Eeycited = [4+4(2°) + 4(3%) + 3(4°) + 5°] h*/2m¢(18x1.394/21)?

The energy of the transition is

For N,=2: AE = [3?- 27] #*/2m¢(10x1.394/27)?
For N,=3: AE = [4° - 37] h*/2m¢(14x1.394/27)?
For N,=4: AE = [5° - 4%] h*/2m¢(18x1.394/21)?



AE = hc/A

A = (2me1.394%c/h)(10)?/ [3%- 2°] for N, = 2
A = (2me1.394%c/h)(14)% [4% - 3?] for N, = 3
A = (2me1.394%c/h)(18)%/ [5%- 4°] for N, = 4

28 -8 -7
(2m.1.394°c/h) = 2x9.10938188 x10 (1.394x10 )*3x10*° =16.03x10
27
6.62618x10

A =16.03x10  (6)% [22- 17] = 16.03x10  x12 = 1920 A for N, = 1
A =16.03x10  (10)% [32- 27 = 16.03x10  x20 = 3210 A for N, = 2
A =16.03x10  (14)% [42- 3%] = 16.03x10  x28 = 4490 A for N, = 3
A = 16.03x10 | (18)%/ [5%- 47] = 16.03x10 x36 = 5770 A for N, = 4

The number of rings determine the radius of the “circle” and also the number of
electrons. The net result is A = 160.3 [12+8(N,-1)] A

3.

Xmn = damn{ (-1)™" -1} form=n
TCZ{ m2 _ n2 }2
1

m\n 2 3 4 5 6 7
1 2/9 0 4/225 0 6/1225 0

2/9 1 6/25 0 10/441 0 14/2025 ...
0 6/25 1 12/49 0 18/729 0

4/225 0 12/49 /il 20/81 0  28/1089 ..
-(8a/n®) O 10/441 0 20/81 i 30/121 0
6/1225 0 18/729 0 30/121 /Il 42/169

0O  14/2025 0  28/1089 O 421169 /I
8/3969 0 24/3025 0  40/1521 O 56/225

oo NO OO~ WDN P

/Il although the integral is non-zero, when initial and final states are the same it
does not correspond to a transition, instead an expectation value of x, (X) = a/2.



)
<
X
""""'—5
Zx
=
'
x
%

J
>t

X aen (m- n)'ﬂ‘x + Om(m‘“)r
| @-n)’“ oA
(m+ﬁ)r |

| (m4ny® 0> ) |

Mts%a:f*éme1,ﬂ /@MW :
- -écgmﬁm “OT =1 Loalmen\T -IE |

*%UM%UM+QW; -

_ RTINS T
Qﬁ”ﬂrﬂ%h? (4R TTA™
Y= 2 o = . o
= a(&%ﬁaT 0 _ﬂ-alﬂwmanh
- Fiaigha

='ﬁﬁ(:—1 - —2N
B .3‘»)-—«84 %>



LH= k(9> ™ S
Q—)H am(’%;(;m "’ ’a«: N 52(3 N oA,

Lor I e ‘
a< SCowk) o =IwA (pwen)

H(K“ L,%gjxq)'@“(x“x:.. X—ﬁr)(‘}) Ew-cyth 3)(45

Use stpanatipn 0F variables :
Lot F\‘P.-J(.JC, Yoo Xy XéL) %(K:.) KTL(X:) %CKQ %CK‘;)

%H Cx,) +H )+ H (k) + H(x:;%‘h;c,) Yo Yixg” %&)
E%(K;) ‘Hx-x.) L['Qizs) ‘7"[@ }

)’Hx;) %(Ku) ¢+ Ha) ‘Hx:_) +H H (J(;)k'lbc}(Q H'(@LH&L
T ) (1"’()( v) | \{’CX 3) k,bcx4_)

"W Ax w-@/wto va\;fbt:
HLX;) kl"Cx ) E %Lx,

"‘_:h__, 0’1 ‘7‘“()(,) — E' ‘Hx,) ba, Ao,
!
Yy = u—ﬂ: M(— X >
E, - n*h”
: ! 2
| & ma,
The otbuns o tlhe ste '&N%/ '
Wk, g ¥, %) = |[2 o BT | o nally

bnd € 2 NThT 0Tk
Bm,g_"-' ‘gma'l'

=E

2, T

y;_ i, n.l'l Ha? }E-;s},quﬂ-

q"’[‘?" a A &1‘—‘)‘[

4 ngth* *
-+




—_—

iaﬂ"ﬂ{}"’ \(’Zﬂ*‘ () e ast w0 o~

: . gc 1‘—)&4 W\"[‘W( »

: : X (%) LA (%gPXs™™
oot S g ot
| il sl - Pl

@fw' liﬂ?m@,{uﬂ 1123
’ 2
=z L .

= .0+ O‘ + 0 * xz.3 L?'Q'GGMW % OQ—WDND@A;];— Condatipn,

"T?.-

=(-8&_ L \*
e

W%%Jﬁﬁw



W%MWMKWM(}‘%“ Tie.
A ONLN oo WM&MA& |
Q’XMWW
MWWM AT
WMW%WMWI

LGy 12, 14 20, 23, 25, 27
d,
f f 1 ’i“

“T 7 7T T

g Y —TL

J | ‘L

4 L |

4‘ 4 . sn = %1 /‘;‘"SJTS\,“'

3) Il . o .
2 ae = - % > |
n= § —op —Ot— —s—— N l'\z/gm& perheeton
budrdons WMEne Ww | |
a=10f  a=qmd 412 ek

) R AN

A€ =(3%2)h" —5 !h AE"‘(‘S_,;""—L
| gma>
A= hﬁ:&m&_@i —33p (40T \=33 1260

€ e Aﬂ'so(’l) A= D(q

= = e —

T30 QAT A= 4spgh ae S‘S”z:f‘s

A=B23,8 5

i My
omllaﬁww = l D85 XD

_loﬂrx/o (é ( 7»:_ ,w'o
_-Qéz TP" :


Cynthia Jameson
Note
Note that the spacings in this drawing are not to scale.


Note that the length L of the polyene is proportional to the number of
carbons, m¢ if we let the ends of the line extend to (1/2) the C-C bond length
beyond the last carbon nuclei. That is, L = mc rec . Note also that the double
occupancy afforded by the Pauli exclusion principle means that the smallest
energy transitions corresponds to “from” quantum numbers m¢/2 and “to”
quantum numbers 1+mc/2. That is, the energy of the transition is given by
AE = {(1+m¢/2)? - (mc/2)°3h2/8m.L? = {(1+mc/2)? - (Mc/2)?}h2/8me(mc
rCC)2 = hc/ }“abs

where the longest wavelength L. is given by

Aabs = (Mc)?/(1+mc) 8cme rec’/h So we expect the longest wavelength in the
absorption spectrum of the polyene having m¢ carbons to be proportional to
(me)?/(1+mye), i.e., 4%/5, 6%/7, 8%/9 from butadiene to hexatriene to octatriene.
A plot of the longest wavelength versus mc will not be exactly linear, but
nearly so.



Calculation of current densities using
gauge-including atomic orbitals

J. Chem. Phys. 121, 3952 (2004)

The current density for hexabenzocoronene
Is displayed in a plane parallel to the
molecular framework and 1 bohr above it.
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