
Problem Set 4 Answers 
On Expectation Values 

〈z〉 = ∫ 0bΨ* z Ψdz  
=  ∫ 0b  [2/b] ½ sin[πz/b]z [2/b] ½ sin[πz/b]dz 

 
Physical 
quantity 

z z2 pz Ekin

Operator 
 

z z2 (h/i) ∂/∂z -(h2/2m) ∂2/∂z2

OpΨ 
 

z[2/b] ½ sin[πz/b] z2[2/b] ½ sin[πz/b] (h/i) [2/b] ½ 
π/b cos[πz/b]  

(h2/2m) [2/b]½ 
π2/b2sin[πz/b] 

Ψ*OpΨ 
 

z[2/b] sin2[πz/b] z2[2/b] sin2[πz/b] (h/i) [2/b] π/b 
sin[πz/b] 
cos[πz/b]  

 (h2/2m) [2/b] 
π2/b2sin2[πz/b] 

Integration 
∫xsin2axdx = 
¼x2  
- (¼a)xsin2ax  
-(1/8a2)cos2ax 
 
∫x2sin2axdx =  
(1/6)x3  
- [(¼a)x2 -
(1/8a3)]sin2ax 
-(¼a2)xcos2ax 
∫ sin2(ax)dx  
= ½x - 
(1/4a)sin(2ax) 

[2/b]{ ¼z2  
- (b/4π)zsin[2πz/b]  
-(b2/8π2)cos[2πz/b]}

 
taken between 0 

and b: 
[2/b]{b2/4-(b/4π)b 

sin2π-
(b2/8π2)(cos2π -

cos0)} 
=[2/b]{ b2/4} 

[2/b]{(1/6)z3 

 - [(b/4π)z2 
+(b/2π)3]sin[2πz/b
]+(b/2π)2zcos[2πz

/b]} 
taken between 0 

and b: 
[2/b]{b3/6-

[b3/4π+(b/2π)3] 
sin2π 

+(b/2π)2[b(cos2π -
0cos0)}] 

=[2/b]{b3/6 + 
b3/4π2 } 

(h/i) 
[2π/b2]½[b/π]

sin2[πz/b]  
 

taken 
between 0 

and b: 
(h/i)[1/b] 
[sin2π-

sin20]=0 

(h2/2m) 
[2π2/b3]{z/2-

(π/4b)sin[2πz/b
]} 

taken 
between 0 

and b: 
(h2/2m) [2π2/b3] 

{b/2-
(π/4b)[sin2π-

sin0]}  
=(h2/2m) 

[2π2/b3] {b/2} 

Expectation 
value 

〈z〉 = b/2 〈z2〉 = 
b2{1/3+(2π2)-1} 

〈pz〉 =0 〈Ekin〉 
=(h2/2m)π2/b2 

=h2/8mb2

The classical average  〈z2〉  is (1/3)b2, which is only the first term in the quantum 
mechanical average. 
 


