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3. (a) For the biradical, the complete orthonormal set of eigenfunctions of S,, the z
component of the total spin angular momentum, and the corresponding eigenvalues
S; = 54(1) + S/(2).
SA1)p 1 (1) = Yo 7 ¢ 4 (1) etc.
Using the separation of variables, we can write the eigenfunctions as
Y1(1,2) = ¢ (1)e 91 (2)
or @ 1 (1)e ¢ 5 (2)
or ¢ ., (1)e 94, (2)
or ¢ » (1)e ¢ 4 (2)
S: W(1,2)= [S,(1) + S,(2)]¥(1,2)
= [S:(1) + S2)]p 12 (1)09 1. (2) = Y2 @ . (1)® ¢ 1 (2) + Vol 1. (1)® ¢+ (2)
=hoy(l)e oy, (2) eigenvalue =
Similarly can do the other 3 functions:
[S2(1) + S(2)] @ 2 (1)® @ 2 (2) = Y2l @ 1. (1)@ @ 1 (2) - V2l 1. (1)® @ 1. (2)
=-hQ 1, (1)e ¢ 1, (2) eigenvalue = -7
[S(1) + S2(2)] @ 4 (1)® @ 1 (2) = Y29 ., (1)® @ 1 (2) + V2l s (1)® @ . (2)
=0¢ (1) 0 (2)
[S2(1) + S2(2)] ¢ 4 (1)® @ . (2) = Y2 4 (1)@ @ .. (2) -Y2hp 1 (1) ¢ 4 (2)
=00 1 (1)e ¢ 4 (2)
The last two are degenerate with same eigenvalue 0.



(b)

Start from the definitions §. = Sy+iS, §_ = S-S,

S+(1) 5-(2) =[ Sx(1)+ i Sy(1)I[ Sx(2) - i Sy(2)]

= $,(1) S(2)- 1S:(1) $,(2) + 1 Sy(1) $x(2) + S,(1)S,(2)

SA(1) 5+(2) =[ Sx(1)- 1 SY(D)I[ Sx(2) +15,(2)]

= S,(1) S+ iS4(1) $,(2) - 1 S,(1) 5(2) + 5,(1)$(2)

S+(1) 5-(2) + 5-(1) 5+(2) =2 Sx(1) Sx(2)+2 Sy(1)S(2)

Definition of a dot product of two vectors:

S(1)#S(2) = Su(1) Sx(2) + Sy(1) $,(2) + S(1) S,(2)

From 5.(1) §(2) + 5-(1) $+(2) = 2 Sx(1) Sx(2)+2 Sy(1)Sy(2) we can replace the first two
terms to get,

S(1)S(2) ={»% 5:(1)s5_(2) + 25(1)5+(2) + S;(1)S,(2) } Q.E.D.

(c) Any linear combination of the degenerate eigenfunctions of S, also satisfies the
operator equation for S, , for example, we use the sum

(1N2) [0 . (L) 91, (2) + @1 (1)e ¢ 1, (2)]
[S.(1) + Sy(2)] (LN2)[@ 1 (1) @ 1 (2) + @ 1 (1)® ¢ 14 (2)]

= 0 (1N2) [0 5 (1)® 0 £(2) + ¢ 3 (1)® @ 5 (2)]
[S.(1) + Sy(2)] (LN2)[@ 1 (L)® 9 1 (2) - @ 1 (1)® ¢ 4 (2)]

= 0 (LN2) [0 (1) 9 £(2) - 35 (1)® ¢ 5 (2)]

(d) To prove that the nondegenerate eigenfunctions of S, are also eigenfunctions of S*
S?=S(1)" + 2 S(1)*S(2) + S(2)* where S(1)>= Sy(1)*+ Sy(1)*+ S,(1)°
g+((11))25-(1) =[ S((1)+ i Sy()IL Sx(1) - i Sy(1)] = S(1)” - iS(1) Sy(1) +1i Sy(1) S,(1) +
y
S.(1) S+(1) =[ Sx(1)- i Sy(MIL Sx(L) + i Sy(1)] = Sx(1)* + iSx(1) Sy(1) - i Sy(1) Sk(1) +
Sy(1)’
Yo $.1(1) S_(1) +% S.(1) S+(1) = Sx(1)*+ Sy(1)°
S(1)? =% §.(1) S_(1) +% 5.(1) 5.(1) + S,(1)?
S(2)° =% 5+(2) 5(2) +%2. 5(2) $+(2) + S,(2)°
25(1)*S(2) = {5+(1)5(2) + 5.(1)S5+(2) +2S5,(1)S,(2)} from proof in part (c)
Therefore, the S? operator is
S?=S(1)° +2S(1)S(2) + S(2)* =% 5.(1) S_(1) % S.(1) S+(1) + S,(1)?
+ %5 5.(2) S(2) +¥2 5.(2) +(2) + Sx(2)° +{5:(1)3(2) +3(1)54(2) +25,(1)S,(2)}
Note that 5+(1) ¢+ (1) = 0 since +%7 is the highest eigenvalue, cannot raise it.
and $_(1) ¢ - (1) = 0 since -Y27 is the lowest eigenvalue, cannot lower it.
S_(1) @ 1 (1) = -y, (1) and $4(1) @ -5, (1) = % 1, (1) using [s(s+1)- m(m=1)]* 7
S’ 1 (1)o@ 1 (2) = Yeh’ 1, (1)@ 1, (2)+0+(¥2h)’p o4 (1)09 14 (2) +¥2h’@ 1, (1) 1, (2)+0
+(Y2h)’@ v (1)o@ v, (2)+0+0+2(%2h) @ 1 (1)09 1 (2) = 27°¢ v, (1)0¢ 1(2)



= 5(s+1) 7% 1, (1)e@ ,(2) where s=1  Yes, an eigenfunction of S°

Similarly

S° 1. (1)09- (2) =0 +Y57°¢-3, (1) 09 (2) +(-2) 1" ¢-3s (1)99-14(2)+0+%27" 015 (1)0¢-3. (2)
+(-Y2)* 29y (1) 093, (2)+0+0+2(-Y2) 19y (1) 091, (2)= 27791 (1)0¢-3, (2)

= 5(s+1) K-y, (1)e@-1, (2) where s=1  Yes, an eigenfunction of S?

Check if (LIN2)[@ 5, (1)® @ 1, (2) - @ 1 (1)® ¢ -, (2)] is an eigenfunction of S,

we find,

[%2 54(L) (L) +%2 5-(1) S+(1) + Sy(L)°

+ 1% §4(2) S (2) +% 5.(2) S+(2) + S,(2)* +{S+(1)5_(2) +5(1)5+(2) +2S,(1)S.(2)H]
(LN2)[@14(1)0@24(2)-934(1) 20 14(2)] = ?

Y2 8+(1) S_(1)[054(1)0¢(2) -p1(1)09.1(2)] = Y2[0- 1°pr(1)01,(2)]
Y S-(1) S+(1) [0-(1)091(2) ~Pr(L1)0914(2)] = o[’ (.1s(1) 01s(2)-0]
Y2 §+(2) S-(2) [9-24(1)001(2) -93(1)00:4(2)] = Y[ (.15(1)0p,(2)-0]
Y $(2) S+(2) [0-4(1)091(2) (1) 0914(2)] = Y[0- 7P (1)0¢14(2)]
S+(1)S-(2) [94(1)0@3(2) -P1(1)0914(2)] = 1°ps(1)06p-14(2)-0
S-(1)S+(2) [9-4(1)0@s4(2) -P1(1)0954(2)] =0 - 1°p.15(1)0p1(2)
{% 5+(1) S-(1)+%2 5(1) S+(1)} [016(1)205(2) -01(1)094(2)]
=Yl [914(1)00:4(2) -0s(1)04(2)]
{2 54(2) $(2) +/2 5(2) $+(2)} [91:(1)20:(2) -P1s(1)0¢14(2)]
= Yol [915(1)091(2) -pr(1)0¢1,(2)]
{5+(1)5-(2) + 5-(1)S+(2)} [91:(1)29:.(2) -@:(1)0¢1,(2)]
= 1 [0-4(1) 09r(2) (1) 0914(2)]
S2(1)? [P-4(1)01:(2) -@3(1)0054(2)] = (-¥2) (V)1 P1s(L)0@s4(2) - (Y2) (Y2) (L) 0p14(2)
= Yl [14(1)001(2) -p1(1)001,(2)]
S2(2)? [P-4(1)001(2) -@3:(1)0054(2)] = (¥2) (V2) i p1(1)0pr(2) - (-Y2) (-Y2) i pr(L) 0p14(2)
= Yl [14(1)001(2) ~p1(1)00.14(2)]
25,(1)S(2)[9-4(1)01.(2) -@1(1)09-1,(2)] =2{(-¥2) (Y2) i’ @-1(1) #34(2)

- (%) (V)N 01a(1)90. 55(2)}= Yoh[934(1)034(2) -03(1)0014(2)]
altogether we get 0. Yes, an eigenfunction of S* with eigenvalue 0.

Check if (LIN2)[@ 5, (1)® @ 1 (2) + ¢+, (1) @ 1, (2)] is an eigenfunction of S°

we find,

[¥2 5.(1) S_(1) +% S.(1) S+(1) + S,(1)?

+%.84(2) $(2) +%2.5.(2) $+(2) + S(2)° +{5:+(1)S(2) +5(1)5+(2) +25,(1)S,(2)}]
(LN2)[014(1)24(2) +@1(1)0¢14(2)] = ?

Y2 84(1) S-(1)[054(1)20:4(2) +@34(1)004(2)] = [0+ 1 pus(1)004(2)]



Y2 5.(1) $+(1) [91(1)004(2) +Prs(1)0914(2)] = Vo[ @15(1)914(2)+0]
Y2 54(2) S-(2) [91(1)0p1(2) +p1(1)0014(2)] = Yo[*p14(1) 0 1(2)+0]
Y2 8(2) $+(2) [01(1)09:(2) +@s(1)0¢1,(2)] = ¥2[0+ °ps(1) 06-14(2)]
54(1)52) [91(1)004(2) +¢r5(1)0914(2)] = 7 pys(1)0¢14(2)+0
S-(1)S+(2) [P4(1)0@s(2) +3(1)00.54(2)] =0 + 1 p.1(1)0p1(2)
{2 84(1) S (1)*+2 5(1) S+(1)} [@-+4(1)001.(2) +¢1(1)0914(2)]
=oh?[914(1)091(2) +ra(1) 20 14(2)]
{%254(2) $(2) +%2 5(2) S+(2)} [@-14(1)20:(2) +:.(1)0¢-1.(2)]
= Yol [94(1) 0p1s(2) +25(1)0¢14(2)]
{5+:(1)5-(2) + 5-(1)S+(2)} [91(1)0¢:(2) +¢ro(1)0p1(2)]
= 1 [(1)0p1(2) +1(1)09-54(2)]
So(1)? [P-4(1)01:(2) +35(1)0¢14(2)] = (-¥2) (-Y2) " @1s(1) 01(2) + (Y2) (Y2) i Prs( 1) 0p14(2)
= Yol [p-1(1)091(2) +@s(1)0¢1(2)]
S2(2)° [944(1)091(2) +9:(1)091(2)] = (42) () P1(1)091.(2) + (-¥2) (-Y2) i prs(1)0¢-14(2)
= Yal [04(1)03(2) +93(1)0¢14(2)]
25,(1)SA2)[@-1(1)2915(2) +15(1)001,(2)] =2{(-Y2) (V2) i’ @15(1)0pss(2)
+ () (V) 0s(1)0914(2)}= Yol [914(1)9¢14(2) +15(1)9¢14(2)]
altogether we get 27°[@.1,(1)e0,(2) +@1,(1)e.1,(2)]. Yes, an eigenfunction of S* with

eigenvalue 27°.
Collecting all eigenfunctions of BOTH S?and S,

eigenvalue of S, | My | eigenvalue of S? S
? v (1)* 1(2) h 1 | 2#? 1
P-1 (1)09-4 (2) -h -1 | 272 1
(LN2)[@-4(1)0@(2) 0 0 | 2# 1
+ 0y(1)e¢.(2)]
(LN2)[0-4(1)09:4(2) 0 0 |0 0
- @u(1)e0-4(2)]

(e) Suppose we wish to measure the observable that corresponds to the operator
Rop = @1S,(1) + @,S,(2) +JS(1)*S(2) where a; = 2/h, a, = 2/h, J = 4/h 2. (10)
To find out if it is possible to simultaneously know S, for the biradical and also R, we
need to find out if S, commutes with Rgp.
[Sz’ Rop] =a [Sz; Sz(l)] + a [Sz’ Sz(l)] + J[Szi S(l)°S(2)]
Since S, = S;(1) + S;(2), then S, commutes with both S,(1) and with S,(2).
We proved that S(1)+S(2) = { %2 5.(1)5_(2) + 25 (1)5+(2) + S,(1)S,(2) }
We need to find out, does S, commute with §.(1)5_(2) ?
[S.(1) + S,(2), $+(1)5-(2)]=? We have seen that [L., L,] = -iiL, Therefore, we can write

[$+(1), Sz(1)] = -ihs:(1) or [S(1), S+(1)] = i1AS:.(1)



[$-(1), S(1)] = ins(1) or [S,(1), 8- (1)] = -ins- (1)
[S2(1) + S2(2), $+(1)S-(2)]= [S2(2), $+(1)5-(2) ] + [SA(2), $+(1)5(2)]
= ihS.(1) $_(2) -in $+(1)s_(2) = 0.
Similarly, [S,(1) + S,(2), S_(1)5+(2)]= [SA1), S_(1)5+(2) T + [S:(2), 5-(1)5+(2)]
=i 5_(1)5.(2)+ i 5_(1)5.(2) =0

Although neither S;(1) nor S,(2) individually commute with §.(1)5_(2), the sum
S,(1)+S,(2) does commute with §.(1)5_(2)!

Finally [S,(1) + S;(2), S;(1)S;(2)] = 0 since each of Sz(1) and Sz(2) commute with this
operator. Since S, commutes with every term in R, , then [S;, Rgp]=0

The zero commutator means that there are_no limitations to the errors in their
simultaneous measurements since the uncertainty principle states that

GsGRZ 1/2<[S,R]/|>.

(f) Find the average value of R under various conditions:
(i) The average value of R that would be found in a series of measurements if the

biradical system is prepared in an eigenstate of S, corresponding to the eigenvalue 17.
Rop = a1S,(1) + a,S,(2) + JS(1)*S(2)  In part (d) we found the eigenstate of S,
corresponding to the eigenvalue 17 is
® . (1)0¢ 1(2)
(R) = | @uu(1)*0@u(2)*[a1S,(1) + :5,(2) + IS(1)*S(2)] ps(1)e¢rs(2)dTadlr,
= aYoh + aYoh
+ 3 [un(1)20(2){425:(1)5(2) + % 5 (1)S+(2) + S(1)SA(2)}pwu(1)*0:(2)dnidr,
= a,Yeh + a,Yeh +J[ 0 + 0 +(¥2h)?] where a; = 2/h, a, = 2/h, J = 4k
= 2/lYsh + 2[hYsh + AIh*(Yoh)® = 1+1+1= 3
(if) The average value of R that would be found in a series of measurements if the
biradical system is prepared in an eigenstate of S, corresponding to the eigenvalue -17.
In part (d) we found the eigenstate of S, corresponding to the eigenvalue -17 is
P (1)00-1(2).
(R) = [ (1) *0p-5(2)*[a1S,(1) + 2:S,(2) +IS(1)S(2)] 9-s4(1)e@-4(2)dTid,
= -a, Yol - a,¥oh +J[0+0+(-Y2h)?]= -1-1+1 = -1
(iii) The average value of R that would be found in a series of measurements if the
biradical system is prepared such that it is simultaneously in an eigenstate of S,

corresponding to the eigenvalue 07 and in an eigenstate of S° corresponding to the

eigenvalue 27,

In part (d) we found this eigenstate: (1/N2)[(.,(1)0@:(2) + @s,(1)0@,(2)]

(R) = %2 [ [024(1)*001(2)* + ¢1a(1)*005(2)*] [a1S,(1) + 8:5,(2) +IS(1)*S(2)]
[0:4(1)201:(2) + ¢r(1)0p(2)] drsdlr



= Vof-a, Yol + a, Yol + @Yol - a¥oh + J [[04,(1)*00,(2)* + @s,(1)* 0.1, (2)*[{%2S+(1)S_(2)
+%2.5(1)84(2) + SA1)S:(2)} [9-+4(1)204(2) + @1.(1)*9-.(2)] drad7 }
=Y J {Yol” +Yoh® +(-Yo) (V)i + (o) (Vo) } = YaJh® =1 for J = 4/h°,

4. (a) Find the eigenvalues of Rqp = ail,(1)/7 + a,1,(2) /7 + J1(1)°1(2) / 72 such that GES
in Hz. We start with a complete orthonormal set of functions that we already know: the
eigenfunctions of S,. These are

eigenfunctions of I, = [1.(1) + 1,(2)] eigenvalues of I = [1.(1) + 1,(2)]
¢1= o (1)ea(2) h
¢z = a(1)ep(2) 0
03 = B(1)ea(2) 0
¢4 = B(1)eP (2) -h

(b) Since Ry, and S, have been shown to commute in part 3e above, the eigenfunctions of
S, which are non-degenerate are also eigenfunctions of R,,. Thus, W1 = yiand Ws= y_; .
Since Rqp and S, have been shown to commute, a suitable linear combination of the
degenerate functions of S, can be found which are eigenfunctions of Ro,. Any linear
combination of degenerate eigenfunctions of S, are also eigenfunctions of S,. We have to
do the work to find these linear combinations so they are eigenfunctions of R,,. Let the
combination be written (as suggested in the problem set) as ¥, = (C0S X)yoa - (SIN X)yop
and W3 = (sin X)wea + (COS X)yop . This is a useful strategy to ensure that the linear
combinations are orthogonal and also normalized, using the properties of sin and cos
(sin°x+cos’x=1). There is no significance to the angle x, it is merely a crutch to ensure
orthonormality.

After we do matrix representations of operators and operator equations, we will be able to
solve for the eigenfunctions and eigenvalues (in Problem Set 9).

The eigenstates eigenvalues of Ry
Yi=p:=a(l)ea(2) Yo ayt+ Yo a, + (2)°)
W,= cosx a(1)eB(2) + sinx B(1)ea(2) Yo D - Y4l

W3 =-sinx o(1)eB(2) + cosx B(1)ea(2) Y2 D -Yal

V=4 =B (1)eB(2) -Yoay - Yadp + (o)
where D = [(a,-a1)* +J°]* sin 2x = J/ID, cos 2x = (a;-a,)/D. In the

limit J <<'|(a;- ay)| , x = 0°, the a(1l)ep(2) and B(1)ea(2) functions are not mixed.
(c) The order of the energy levels depend on signs of a;, a,. For protons,

---------- B(1)eB(2)




(d) Intensities depend on the square of the transition integral

Jo,* {4 11.(1) + 1L(1)] + % [1.(2) + 1.(2)] }¥, dt,d7, for the transition between

eigenstates W, and ',

flo (1)*ea(2)* {% [1.(1) + 1.(1)] + % [1:(2) + 1.(2)] } [cosx a(1)eB(2) + sinx B(1)ea(2)]

d’Cld’Cz

Note that 1.(1)ou(1)eB(2) gives zero. 1(1) a(1)eB(2) gives B(1)ep(2) and so on.
However, it is not necessary to look at every term,. Because of orthonormality of the
eigenfunctions of a Hermitian operator such as [1,(1) + 1,(2)], only those ladder
operations which turn the function on the right into o(1)ec(2) can contribute to the
integral. In this case, only 1.(2)a.(1)ep(2) and 1.(1)B(1)ec(2) give non-zero contributions.
[lo (1)*ea(2)* Y2 cosx a(1)ea(2) +¥2 sinxo(1)ea(2) dtidt, = % [cosx+ sinx]

The square of this integral is ¥ cos®x+sin°x+2sinxcosx = Y4[1+sin2x]

using the identity 2sinxcosx =sin2x

Transition | Transition integral intensity

of peak

¥, oW, | o (1)*ea(2)* {4 [1.(1) + 1(1)] + % [1.(2) + 1.(2)]} [cosx Yi[1+sin2x]
o(1)ep(2) + sinx B(1)ea(2)] dtidt, = Y% [cosx+ SinX]

¥, | la (1) *ea(2)* {¥ [1.(1) + 1.(1)] + Y2 [1.(2) + 1.(2)]} [-sinx Yi[1-sin2x]
o(1)ep(2) + cosx B(1)ea(2)] dtidt, = ¥ [-SinX+ CcOSX]

1> W | Jlo()Fea(2)* {% [1.(1) + L] + % [1.(2) + LQ)IB(L)*B(2) 0
d’Cld’Ez =0

¥, > ¥; | [] [cosx a(l)eB(2) + sinx B(1)ea(2)] {2 [1.(1) + 1.(1)] + ¥2 0
[1.(2) + 1(2)]} [-sinx a(1)eB(2) + cosx B(1)ea(2)] =0

¥, > W, | [IBQ)*eB2)* {¥ [1.(1) + L(1)] + ¥ [1.(2) + 1.(2)]} [cosx 1a[1+Sin2X]
o(1)ep(2) + sinx B(1)ea(2)] dtidt, = Y% [cosx+ SinX]

Yy W, | [IB)*eB2)* {¥ [1.(1) + L(1)] + ¥ [1.(2) + 1.(2)]} [-Sinx 1a[1-Sin2X]
a(1)ep(2) + cosx B(1)ea(2)] dtidt, =¥% [-Sinx+ cOSX]

(e) See next pages for spectra
(f) When a; = a,, this makes x = 45° maximum mixing

The eigenstates eigenvalues of Ry, | transition fregs
Y11= 1= o (1)ea(2) a, + (¥2)7 1 52=-a
W= [o(1)eB(2) + B(L)ea(2)]V2 7ad 2>4= -3
W= [- a(1)eB(2) + B(1)ea(2)]V2 YaJ 1-3=-a,
W= ¢4 = B (1)ep(2) -2y + (%) 34=-a

A single peak is observed and although J is non-zero, its value can not be observed.




Simple example: The AX system

- Equation 4 is the secular determinant that needs to be solved to obtain the eigenvalues (energies)
and eigenfunctions (wave functions)

- 'The elements <¥y, |#/[¥,,> are given from Eq. 2 and the wave functions ¥ are the basic wave

{ functions for this system, ie the states oo, off etc
- The secular determinant for this AB system will be a 4 x 4 determinant which is shown

schematically below
A B mp o ﬂ-ﬁ E)ﬂ- [?1]3
@ o 1 |<aalHloe>-Ei0 0 0
o B O 0 ; LN
B a 0 0 o L0
BB -1 0 0 0

The diagonal elements of this determinant are computed from Eq. 3. All off-diagonal elements
between wave functions with different my equal zero.

The determinant has now been broken down to two single determinants (elements) and one 2 x 2

determinant for the of and po wave functions
Using the variational method of quantum mechanics we obtain the coefficients for the linear

combination of wave functions aff and Bor
Continuing with the variational method and using an angle, 8, which is related to the mixing

coefficients we obtain
. J
sin 28 = 5]
Va -V
cos 28 = va B)

D = ﬂ{vB -va + )2
The stationary states and the corresponding energies are easily calculated using these new terms

See http://cartwright.chem.ox.ac.uk/tlab/603/ab2.html
for an example of the changing NMR spectrum for two protons, as you change the values
of J and chemical shift.



http://cartwright.chem.ox.ac.uk/tlab/603/ab2.html

Level Spin function Energy
number (in frequency units)
4 tH YATVE ]

2 ta
3 cos B af + sin O Po D I
2 4
2 -sin B off + cos 8 fa D 1
2 4
1 [+ 4,4 Va+tVvp L
T2 *a

If &v >> J (an AX system) then the term D = 8v and

of} and P spin functions are not mixed at all

L
D

= (). Then follows that 8 = 0° and the

If 8v = 0 (an Aj system) then the mixing is maximal and 6 = 45°
The same angle can be used to express the relative intensities of the resonance lines
- The simple rules involving binomial coefficients (Pascal's triangle) are not useful in strongly

coupled systems
Transition Frequency Relative Intensity
d 244 Va+Vg J D 1-sin 28
3 T2%g
b X YA+YE J D 1 +sin 20
2 T2°72
c 1=13 VA+¥p J D 1 +sin 28
2. 217%7
a 152 VA+VE I D 1-sin 20
2 22
dc b a
i | L Av/I=16
VB~ L7 VA
5 g Av/I=10
1. | 1~ AV /]=5
< 7
\.‘ lII-.If
N Av/J =25
r'I. J'I'
\ I
|H'|. |l'l'1 -&vi’J:l
v
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)
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| Av/J=0
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Simulated NMR spectra with a constant J of 5 Hz and varying v and vg.
Av varies between 80 Hz and 0 Hz. Note the changes of intensities as well as the relative

positions of the resonance lines and v
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