
Problem Set 8 Answers 
On angular momentum 
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  L+ ≡ Lx + i Ly     L − ≡ Lx - i Ly 

  adding, we get L+ + L − = 2 Lx  Thus,  Lx  =   ½ [L + + L -] .  
 
 
 
2. find [L2, L+]. 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
3. (a) For the biradical, the complete orthonormal set of eigenfunctions of Sz, the z 
component of the total spin angular momentum, and the corresponding eigenvalues 
Sz = Sz(1) + Sz(2).  
Sz(1)ϕ ½ (1) = ½ h ϕ ½ (1) etc. 
Using the separation of variables, we can write the eigenfunctions as 
Ψ1(1,2) = ϕ ½ (1)• ϕ ½ (2)  
  or ϕ -½  (1)• ϕ -½ (2)   
  or ϕ -½ (1)• ϕ ½ (2)  
  or ϕ ½ (1)• ϕ -½ (2) 
Sz Ψ(1,2)= [Sz(1) + Sz(2)]Ψ(1,2)  
  = [Sz(1) + Sz(2)]ϕ ½ (1)•ϕ ½ (2) =  ½h ϕ ½ (1)• ϕ ½ (2) +  ½hϕ ½ (1)• ϕ ½ (2) 
           = h ϕ ½ (1)• ϕ ½ (2)              eigenvalue =h   
Similarly can do the other 3 functions: 
 [Sz(1) + Sz(2)] ϕ -½ (1)• ϕ -½ (2) = -½h ϕ ½ (1)• ϕ ½ (2) - ½hϕ ½ (1)• ϕ ½ (2) 
 = -hϕ -½  (1)• ϕ -½ (2)              eigenvalue = - h   
[Sz(1) + Sz(2)] ϕ -½ (1)• ϕ ½ (2) = -½hϕ -½ (1)• ϕ ½ (2) + ½hϕ -½ (1)• ϕ ½ (2)  
 = 0 ϕ -½ (1)• ϕ ½ (2)  
 [Sz(1) + Sz(2)] ϕ ½ (1)• ϕ -½ (2) =  ½hϕ ½ (1)• ϕ -½ (2) -½hϕ ½ (1)• ϕ -½ (2) 
 = 0ϕ ½ (1)• ϕ -½ (2) 
The last two are degenerate with same eigenvalue 0. 



(b)   
Start from the definitions  S +  ≡  Sx + i Sy      S −  ≡  Sx - i Sy 

S +(1) S −(2) =[ Sx(1)+ i Sy(1)][ Sx(2) - i Sy(2)] 
= Sx(1) Sx(2)- iSx(1) Sy(2) + i Sy(1) Sx(2) + Sy(1)Sy(2) 
S−(1) S +(2) =[ Sx(1)- i Sy(1)][ Sx(2) + i Sy(2)] 
= Sx(1) Sx(2)+ iSx(1) Sy(2) - i Sy(1) Sx(2) + Sy(1)Sy(2) 
S +(1) S −(2) + S−(1) S +(2) = 2 Sx(1) Sx(2)+2 Sy(1)Sy(2) 
Definition of a dot product of two vectors:  
S(1)•S(2) =  Sx(1) Sx(2) + Sy(1) Sy(2) + Sz(1) Sz(2) 
From S +(1) S −(2) + S−(1) S +(2) = 2 Sx(1) Sx(2)+2 Sy(1)Sy(2) we can replace the first two 
terms to get, 
 S(1)•S(2) = { ½ S +(1)S −(2)  +  ½ S −(1)S +(2)  +  Sz(1)Sz(2) } Q.E.D. 
 
(c) Any linear combination of the degenerate eigenfunctions of Sz also satisfies the 
operator equation for Sz , for example, we use the sum  
(1/√2)[ϕ -½ (1)• ϕ ½ (2) + ϕ ½ (1)• ϕ -½ (2)] 
[Sz(1) + Sz(2)] (1/√2)[ϕ -½ (1)• ϕ ½ (2) + ϕ ½ (1)• ϕ -½ (2)]  
     =  0 (1/√2) [ϕ -½ (1)• ϕ ½ (2) + ϕ ½ (1)• ϕ -½ (2)] 
[Sz(1) + Sz(2)] (1/√2)[ϕ -½ (1)• ϕ ½ (2) - ϕ ½ (1)• ϕ -½ (2)]  
       =  0 (1/√2) [ϕ -½ (1)• ϕ ½ (2) - ϕ ½ (1)• ϕ -½ (2)] 
 
(d) To prove that the nondegenerate eigenfunctions of Sz are also eigenfunctions of S2: 
S2 = S(1)2 + 2 S(1)•S(2) +  S(2)2  where  S(1)2 = Sx(1)2 + Sy(1)2 + Sz(1)2

S +(1) S −(1) =[ Sx(1)+ i Sy(1)][ Sx(1) - i Sy(1)] = Sx(1)2 - iSx(1) Sy(1) + i Sy(1) Sx(1) + 
Sy(1)2

S−(1) S +(1) =[ Sx(1)- i Sy(1)][ Sx(1) + i Sy(1)] = Sx(1)2 + iSx(1) Sy(1) - i Sy(1) Sx(1) + 
Sy(1)2

½ S +(1) S −(1) +½ S−(1) S +(1) = Sx(1)2 + Sy(1)2

S(1)2 = ½ S +(1) S −(1) +½ S−(1) S +(1) + Sz(1)2  
S(2)2 = ½ S +(2) S −(2) +½ S−(2) S +(2) + Sz(2)2  
2S(1)•S(2) = {S +(1)S −(2)  + S −(1)S +(2)  + 2Sz(1)Sz(2)} from proof in part (c) 
Therefore, the S2 operator is 
S2 = S(1)2 + 2 S(1)•S(2) +  S(2)2 = ½ S +(1) S −(1) +½ S−(1) S +(1) + Sz(1)2  
+ ½ S +(2) S −(2) +½ S−(2) S +(2) + Sz(2)2 +{S +(1)S −(2)  + S −(1)S +(2)  + 2Sz(1)Sz(2)} 
Note that S +(1) ϕ ½ (1) = 0 since +½h is the highest eigenvalue, cannot raise it.   
and S −(1) ϕ -½ (1) = 0 since -½h is the lowest eigenvalue, cannot lower it.  
S − (1) ϕ ½ (1) = hϕ-½ (1) and S +(1) ϕ -½ (1) = hϕ ½ (1) using [s(s+1)- m(m±1)]½ h 
S2ϕ ½ (1)•ϕ ½ (2) = ½h2ϕ ½ (1)•ϕ ½ (2)+0+(½h)2ϕ ½ (1)•ϕ ½ (2) +½h2ϕ ½ (1)•ϕ ½ (2)+0 
+(½h)2ϕ ½ (1)•ϕ ½ (2)+0+0+2(½h)2ϕ ½ (1)•ϕ ½ (2) = 2h2ϕ ½ (1)•ϕ ½(2) 



= s(s+1) h2ϕ ½ (1)•ϕ ½(2) where s=1     Yes, an eigenfunction of S2

Similarly  
S2ϕ-½ (1)•ϕ-½ (2) =0 +½h2ϕ-½ (1)•ϕ-½ (2) +(-½)2h2ϕ-½ (1)•ϕ-½(2)+0+½h2ϕ-½ (1)•ϕ-½ (2) 
+(-½)2h2ϕ-½ (1)•ϕ-½ (2)+0+0+2(-½)2h2ϕ-½ (1)•ϕ-½ (2)= 2h2ϕ-½ (1)•ϕ-½ (2) 
= s(s+1) h2ϕ-½ (1)•ϕ-½ (2) where s=1     Yes, an eigenfunction of S2

Check if (1/√2)[ϕ -½ (1)• ϕ ½ (2) -  ϕ ½ (1)• ϕ -½ (2)] is an eigenfunction of S2, 
we find, 
[½ S +(1) S −(1) +½ S−(1) S +(1) + Sz(1)2  
+ ½ S +(2) S −(2) +½ S−(2) S +(2) + Sz(2)2 +{S +(1)S −(2)  + S −(1)S +(2)  + 2Sz(1)Sz(2)}] 
(1/√2)[ϕ-½(1)•ϕ½(2)-ϕ½(1)•ϕ-½(2)] = ? 
 
½ S +(1) S −(1)[ϕ-½(1)•ϕ½(2) -ϕ½(1)•ϕ-½(2)] = ½[0- h2ϕ½(1)•ϕ-½(2)] 
½ S−(1) S +(1) [ϕ-½(1)•ϕ½(2) -ϕ½(1)•ϕ-½(2)] = ½[h2ϕ-½(1)•ϕ½(2)-0] 
½ S +(2) S −(2) [ϕ-½(1)•ϕ½(2) -ϕ½(1)•ϕ-½(2)] = ½[h2ϕ-½(1)•ϕ½(2)-0] 
½ S−(2) S +(2) [ϕ-½(1)•ϕ½(2) -ϕ½(1)•ϕ-½(2)] = ½[0- h2ϕ½(1)•ϕ-½(2)] 
S +(1)S −(2) [ϕ-½(1)•ϕ½(2) -ϕ½(1)•ϕ-½(2)] = h2ϕ½(1)•ϕ-½(2)-0 
S −(1)S +(2) [ϕ-½(1)•ϕ½(2) -ϕ½(1)•ϕ-½(2)] =0 - h2ϕ-½(1)•ϕ½(2) 
{½ S +(1) S −(1)+½ S−(1) S +(1)} [ϕ-½(1)•ϕ½(2) -ϕ½(1)•ϕ-½(2)]  
        =½h2[ϕ-½(1)•ϕ½(2) -ϕ½(1)•ϕ-½(2)] 
{½ S +(2) S −(2) +½ S−(2) S +(2)} [ϕ-½(1)•ϕ½(2) -ϕ½(1)•ϕ-½(2)]  
        = ½h2[ϕ-½(1)•ϕ½(2) -ϕ½(1)•ϕ-½(2)] 
{S +(1)S −(2) + S −(1)S +(2)} [ϕ-½(1)•ϕ½(2) -ϕ½(1)•ϕ-½(2)]  
        = -h2[ϕ-½(1)•ϕ½(2) -ϕ½(1)•ϕ-½(2)] 
Sz(1)2 [ϕ-½(1)•ϕ½(2) -ϕ½(1)•ϕ-½(2)] = (-½)(-½)h2ϕ-½(1)•ϕ½(2) - (½)(½)h2ϕ½(1)•ϕ-½(2) 
        = ¼h2[ϕ-½(1)•ϕ½(2) -ϕ½(1)•ϕ-½(2)] 
Sz(2)2 [ϕ-½(1)•ϕ½(2) -ϕ½(1)•ϕ-½(2)] = (½)(½)h2ϕ-½(1)•ϕ½(2) - (-½)(-½)h2ϕ½(1)•ϕ-½(2) 
        = ¼h2[ϕ-½(1)•ϕ½(2) -ϕ½(1)•ϕ-½(2)] 
2Sz(1)Sz(2)[ϕ-½(1)•ϕ½(2) -ϕ½(1)•ϕ-½(2)] =2{(-½)(½)h2ϕ-½(1)•ϕ½(2) 
    - (½)(-½)h2ϕ½(1)•ϕ- ½(2)}= -½h2[ϕ-½(1)•ϕ½(2) -ϕ½(1)•ϕ-½(2)] 
altogether we get 0. Yes, an eigenfunction of S2 with eigenvalue 0. 
 
Check if (1/√2)[ϕ -½ (1)• ϕ ½ (2) +  ϕ ½ (1)• ϕ -½ (2)] is an eigenfunction of S2

we find, 
[½ S +(1) S −(1) +½ S−(1) S +(1) + Sz(1)2  
+ ½ S +(2) S −(2) +½ S−(2) S +(2) + Sz(2)2 +{S +(1)S −(2)  + S −(1)S +(2)  + 2Sz(1)Sz(2)}] 
(1/√2)[ϕ-½(1)•ϕ½(2)+ϕ½(1)•ϕ-½(2)] = ? 
 
½ S +(1) S −(1)[ϕ-½(1)•ϕ½(2) +ϕ½(1)•ϕ-½(2)] = ½[0+ h2ϕ½(1)•ϕ-½(2)] 



½ S−(1) S +(1) [ϕ-½(1)•ϕ½(2) +ϕ½(1)•ϕ-½(2)] = ½[h2ϕ-½(1)•ϕ½(2)+0] 
½ S +(2) S −(2) [ϕ-½(1)•ϕ½(2) +ϕ½(1)•ϕ-½(2)] = ½[h2ϕ-½(1)•ϕ½(2)+0] 
½ S−(2) S +(2) [ϕ-½(1)•ϕ½(2) +ϕ½(1)•ϕ-½(2)] = ½[0+ h2ϕ½(1)•ϕ-½(2)] 
S +(1)S −(2) [ϕ-½(1)•ϕ½(2) +ϕ½(1)•ϕ-½(2)] = h2ϕ½(1)•ϕ-½(2)+0 
S −(1)S +(2) [ϕ-½(1)•ϕ½(2) +ϕ½(1)•ϕ-½(2)] =0 + h2ϕ-½(1)•ϕ½(2) 
{½ S +(1) S −(1)+½ S−(1) S +(1)} [ϕ-½(1)•ϕ½(2) +ϕ½(1)•ϕ-½(2)]  
        =½h2[ϕ-½(1)•ϕ½(2) +ϕ½(1)•ϕ-½(2)] 
{½ S +(2) S −(2) +½ S−(2) S +(2)} [ϕ-½(1)•ϕ½(2) +ϕ½(1)•ϕ-½(2)]  
        = ½h2[ϕ-½(1)•ϕ½(2) +ϕ½(1)•ϕ-½(2)] 
{S +(1)S −(2) + S −(1)S +(2)} [ϕ-½(1)•ϕ½(2) +ϕ½(1)•ϕ-½(2)]  
        = h2[ϕ-½(1)•ϕ½(2) +ϕ½(1)•ϕ-½(2)] 
Sz(1)2 [ϕ-½(1)•ϕ½(2) +ϕ½(1)•ϕ-½(2)] = (-½)(-½)h2ϕ-½(1)•ϕ½(2) + (½)(½)h2ϕ½(1)•ϕ-½(2) 
        = ¼h2[ϕ-½(1)•ϕ½(2) +ϕ½(1)•ϕ-½(2)] 
Sz(2)2 [ϕ-½(1)•ϕ½(2) +ϕ½(1)•ϕ-½(2)] = (½)(½)h2ϕ-½(1)•ϕ½(2) + (-½)(-½)h2ϕ½(1)•ϕ-½(2) 
        = ¼h2[ϕ-½(1)•ϕ½(2) +ϕ½(1)•ϕ-½(2)] 
2Sz(1)Sz(2)[ϕ-½(1)•ϕ½(2) +ϕ½(1)•ϕ-½(2)] =2{(-½)(½)h2ϕ-½(1)•ϕ½(2) 
    + (½)(-½)h2ϕ½(1)•ϕ-½(2)}= -½h2[ϕ-½(1)•ϕ½(2) +ϕ½(1)•ϕ-½(2)] 
altogether we get 2h2[ϕ-½(1)•ϕ½(2) +ϕ½(1)•ϕ-½(2)]. Yes, an eigenfunction of S2 with 
eigenvalue  2h2. 
Collecting all eigenfunctions of BOTH S2 and Sz:  
 eigenvalue of Sz Ms eigenvalue of S2 S 
ϕ ½ (1)•ϕ ½(2) h 1 2h2 1 
ϕ-½ (1)•ϕ-½ (2) -h -1 2h2 1 
(1/√2)[ϕ-½(1)•ϕ½(2) 
 +  ϕ½(1)•ϕ-½(2)] 

0 0 2h2 1 

(1/√2)[ϕ-½(1)•ϕ½(2) 
 -  ϕ½(1)•ϕ-½(2)] 

0 0 0 0 

 
(e) Suppose we wish to measure the observable that corresponds to the operator 
    Rop = a1Sz(1) +  a2Sz(2) + JS(1)•S(2)     where a1 = 2/h, a2 = 2/h, J = 4/h 2. (10) 
To find out if it is possible to simultaneously know Sz for the biradical and also R, we 
need to find out if Sz commutes with Rop.  
[Sz, Rop] = a1 [Sz, Sz(1)] + a2 [Sz, Sz(1)] + J[Sz, S(1)•S(2)] 
Since Sz = Sz(1) + Sz(2), then Sz commutes with both Sz(1) and with Sz(2).  
We proved that S(1)•S(2) = { ½ S +(1)S −(2)  +  ½ S −(1)S +(2)  +  Sz(1)Sz(2) } 
We need to find out, does Sz commute with S +(1)S −(2) ? 
[Sz(1) + Sz(2), S +(1)S −(2)]=? We have seen that [L+, Lz] = -ihL+ Therefore, we can write 
[S+(1), Sz(1)] = -ihS+(1) or [Sz(1), S+(1)] = ihS+(1) 



[S−(1), Sz(1)] =  ihS−(1) or [Sz(1), S− (1)] = -ihS− (1) 
[Sz(1) + Sz(2), S +(1)S −(2)]= [Sz(1), S +(1)S −(2) ] + [Sz(2), S +(1)S −(2)]  
    = ihS+(1) S −(2) -ih S +(1)S −(2) = 0.  
Similarly, [Sz(1) + Sz(2), S −(1)S +(2)]= [Sz(1), S −(1)S +(2) ] + [Sz(2), S −(1)S +(2)]  
 =-ih S −(1)S +(2)+ ih S −(1)S +(2) = 0 
 
Although neither Sz(1) nor Sz(2) individually commute with S +(1)S −(2), the sum 
Sz(1)+Sz(2) does commute with S +(1)S −(2)!  
Finally [Sz(1) + Sz(2), Sz(1)Sz(2)] = 0 since each of Sz(1) and Sz(2) commute with this 
operator. Since Sz commutes with every term in Rop , then [Sz, Rop]= 0   
The zero commutator means that there are no limitations to the errors in their 
simultaneous measurements since the uncertainty principle states that 
 σS  σR  ≥  ½ 〈 [S , R] /i 〉. 
 
(f) Find the average value of R under various conditions: 
    (i) The average value of R that would be found in a series of measurements if the 
biradical system is prepared in an eigenstate of Sz corresponding to the eigenvalue 1h. 
Rop = a1Sz(1) +  a2Sz(2) + JS(1)•S(2)     In part (d) we found the eigenstate of Sz 
corresponding to the eigenvalue 1h is  
ϕ ½ (1)•ϕ ½(2)  
〈R〉 = ∫ ϕ½(1)*•ϕ½(2)*[a1Sz(1) +  a2Sz(2) + JS(1)•S(2)] ϕ½(1)•ϕ½(2)dτ1dτ2  
       = a1½h + a2½h  
+ J ∫ϕ½(1)•ϕ½(2){½S +(1)S −(2) + ½ S −(1)S +(2) +  Sz(1)Sz(2)}ϕ½(1)•ϕ½(2)dτ1dτ2  
 = a1½h + a2½h +J[ 0 + 0 +(½h)2] where a1 = 2/h, a2 = 2/h, J = 4/h 2. 
 = 2/h½h + 2/h½h + 4/h 2(½h)2 = 1+1+1= 3 
   (ii) The average value of R that would be found in a series of measurements if the 
biradical system is prepared in an eigenstate of Sz corresponding to the eigenvalue -1h.  
In part (d) we found the eigenstate of Sz corresponding to the eigenvalue -1h is  
ϕ-½ (1)•ϕ-½(2). 
〈R〉 = ∫ ϕ-½(1)*•ϕ-½(2)*[a1Sz(1) +  a2Sz(2) + JS(1)•S(2)] ϕ-½(1)•ϕ-½(2)dτ1dτ2  
= -a1½h - a2½h +J[0+0+(-½h)2]= -1-1+1 = -1 
  (iii) The average value of R that would be found in a series of measurements if the 
biradical system is prepared such that it is simultaneously in an eigenstate of Sz 
corresponding to the eigenvalue 0h and in an eigenstate of S2 corresponding to the 
eigenvalue 2h2. 
In part (d) we found this eigenstate: (1/√2)[ϕ-½(1)•ϕ½(2) + ϕ½(1)•ϕ-½(2)] 
〈R〉 = ½ ∫ [ϕ-½(1)*•ϕ½(2)* + ϕ½(1)*•ϕ-½(2)*] [a1Sz(1) + a2Sz(2) +JS(1)•S(2)]  
     [ϕ-½(1)•ϕ½(2) + ϕ½(1)•ϕ-½(2)] dτ1dτ2



= ½{-a1½h + a1½h + a2½h - a2½h + J ∫[ϕ-½(1)*•ϕ½(2)* + ϕ½(1)*•ϕ-½(2)*]{½S +(1)S −(2)  
  + ½ S −(1)S +(2) +  Sz(1)Sz(2)} [ϕ-½(1)•ϕ½(2) + ϕ½(1)•ϕ-½(2)] dτ1dτ2 } 
=½ J {½h2 +½h2 +(-½)(½)h2 + (½)(-½)h2 } = ¼Jh2 =1 for J = 4/h 2. 
 
4. (a) Find the eigenvalues of Rop = a1Iz(1)/h + a2Iz(2) /h + JI(1)•I(2) / h2 such that 〈Rop〉 is 
in Hz. We start with a complete orthonormal set of functions that we already know: the 
eigenfunctions of Sz. These are 
eigenfunctions of Iz,total =  [Iz(1) + Iz(2)] eigenvalues of Iz,total =  [Iz(1) + Iz(2)] 
ϕ1 = α (1)•α(2) h 
ϕ2  = α(1)•β(2) 0 
ϕ3  = β(1)•α(2) 0 
ϕ4  = β(1)•β (2) -h 
 
(b) Since Rop and Sz have been shown to commute in part 3e above, the eigenfunctions of 
Sz which are non-degenerate are also eigenfunctions of Rop. Thus, Ψ1 = ψ1 and Ψ4 = ψ-1 .  
Since Rop and Sz have been shown to commute, a suitable linear combination of the 
degenerate functions of Sz can be found which are eigenfunctions of Rop. Any linear 
combination of degenerate eigenfunctions of Sz are also eigenfunctions of Sz. We have to 
do the work to find these linear combinations so they are eigenfunctions of Rop. Let the 
combination be written (as suggested in the problem set) as Ψ2 = (cos x)ψ0a  - (sin x)ψ0b    
and Ψ3 = (sin x)ψ0a  + (cos x)ψ0b . This is a useful strategy to ensure that the linear 
combinations are orthogonal and also normalized, using the properties of sin and cos 
(sin2x+cos2x=1). There is no significance to the angle x, it is merely a crutch to ensure 
orthonormality.  
After we do matrix representations of operators and operator equations, we will be able to 
solve for the eigenfunctions and eigenvalues (in Problem Set 9). 
The eigenstates  eigenvalues of Rop  
Ψ1 = ϕ1 = α (1)•α(2) ½ a1+ ½ a2 + (½)2J 
Ψ2=  cosx α(1)•β(2) + sinx β(1)•α(2) ½ D - ¼J 
Ψ3 = -sinx  α(1)•β(2) + cosx β(1)•α(2) -½ D -¼J  
Ψ4 = ϕ4  = β (1)•β(2) - ½ a1 - ½ a2 + (½)2J 
where D = [(a2-a1)2 +J2]½   sin 2x = J/D,  cos 2x = (a1-a2)/D.                      In the 
limit J << |(a1 - a2)| , x = 0°, the α(1)•β(2) and β(1)•α(2) functions are not mixed.  
(c) The order of the energy levels depend on signs of a1, a2. For protons, 
----------β(1)•β(2) 

---------- 
---------- 

----------α (1)•α(2) 



(d)   Intensities depend on the square of the transition integral  
∫Ψ1 * {½ [I+(1) + I-(1)] + ½ [I+(2) + I-(2)] }Ψ2 dτ1dτ2 for the transition between 
eigenstates Ψ1 and Ψ2

∫∫α (1)*•α(2)* {½ [I+(1) + I-(1)] + ½ [I+(2) + I-(2)] } [cosx α(1)•β(2) + sinx β(1)•α(2)] 
dτ1dτ2 

Note that I+(1)α(1)•β(2) gives zero.   I-(1) α(1)•β(2) gives β(1)•β(2) and so on. 
However, it is not necessary to look at every term,. Because of orthonormality of the 
eigenfunctions of a Hermitian operator such as [Iz(1) + Iz(2)], only those ladder 
operations which turn the function on the right into α(1)•α(2) can contribute to the 
integral. In this case, only I+(2)α(1)•β(2) and  I+(1)β(1)•α(2) give non-zero contributions. 
∫∫α (1)*•α(2)* ½ cosx α(1)•α(2) +½ sinxα(1)•α(2) dτ1dτ2 =  ½ [cosx+ sinx] 
The square of this integral is  ¼ cos2x+sin2x+2sinxcosx =  ¼[1+sin2x] 
using the identity  2sinxcosx =sin2x 
Transition Transition integral intensity 

of peak 
Ψ1 → Ψ2 ∫∫α (1)*•α(2)* {½ [I+(1) + I-(1)] + ½ [I+(2) + I-(2)]} [cosx 

α(1)•β(2) + sinx β(1)•α(2)] dτ1dτ2   = ½ [cosx+ sinx] 
¼[1+sin2x]

Ψ1 → Ψ3 ∫∫α (1)*•α(2)* {½ [I+(1) + I-(1)] + ½ [I+(2) + I-(2)]} [-sinx  
α(1)•β(2) + cosx β(1)•α(2)] dτ1dτ2  = ½ [-sinx+ cosx] 

¼[1-sin2x]

Ψ1 → Ψ4 ∫∫α (1)*•α(2)* {½ [I+(1) + I-(1)] + ½ [I+(2) + I-(2)]}β(1)•β(2) 
dτ1dτ2  = 0 

0 

Ψ2 → Ψ3 ∫∫ [cosx α(1)•β(2) + sinx β(1)•α(2)] {½ [I+(1) + I-(1)] + ½ 
[I+(2) + I-(2)]} [-sinx  α(1)•β(2) + cosx β(1)•α(2)] = 0 

0 

Ψ2 → Ψ4 ∫∫β(1)*•β(2)* {½ [I+(1) + I-(1)] + ½ [I+(2) + I-(2)]} [cosx 
α(1)•β(2) + sinx β(1)•α(2)] dτ1dτ2   = ½ [cosx+ sinx] 

¼[1+sin2x]

Ψ3 → Ψ4 ∫∫β(1)*•β(2)* {½ [I+(1) + I-(1)] + ½ [I+(2) + I-(2)]} [-sinx  
α(1)•β(2) + cosx β(1)•α(2)] dτ1dτ2  =½ [-sinx+ cosx] 

¼[1-sin2x]

(e) See next pages for spectra 
(f) When a1 = a2, this makes x = 45° maximum mixing 
The eigenstates  eigenvalues of Rop transition freqs  
Ψ1 = ϕ1 = α (1)•α(2) a1 + (½)2J 1 →2 = - a1  
Ψ2 =  [α(1)•β(2) + β(1)•α(2)]√2 ¼J 2 →4= - a1

Ψ3 = [- α(1)•β(2) + β(1)•α(2)]√2 ¼J  1 →3 =- a1

Ψ4 = ϕ4  = β (1)•β(2) - a1 + (½)2J 3 →4= - a1 
A single peak is observed and although J is non-zero, its value can not be observed.



 

 

 

 

 

 

 

 

 

 
 
 
 
 
 
 
 
 
 

See http://cartwright.chem.ox.ac.uk/tlab/603/ab2.html
for an example of the changing NMR spectrum for two protons, as you change the values 
of J and chemical shift. 

http://cartwright.chem.ox.ac.uk/tlab/603/ab2.html


 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 

 
 



 


