CHEMISTRY 542

Exam 1
October 4, 2004

In applying the principles of Quantum Mechanics in answering each question, be sure to
state the principle you are using at each step.

1. (a ) Prove that the root mean square deviation of the value of a property S whose
operator is S is given by {(8%) «(S)* }2
eigenfunction of Ssp.)

for any state of the system (not necessarily an

(b) An excited state eigenfunction for a quantum particle of mass M in an infinite
potential well between x = 0 and x = a is shown below, where the eigenfunction is
plotted as a function of the ratio x/a within the well.
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All answers are in terms of M, %, and a for the questions below about the system (b).
What is the translational energy of this particle?

What is the average position of the particle?

What is the uncertainty in the position of the particle? That is, what is the root mean
square deviation of the position of the particle?

What is the uncertainty in the linear momentum of the particle?




(¢) A quantum particle of mass m in an infinite potential well between x=0and x=aiis
in a state described by function ¥. Suppose the particle is twice as likely to be in its
ground state than the next higher energy state.

Write down the appropriate wavefunction W for this system. Normalize the
wavefunction.

If the energy of this particle is measured, give a set of typical values that might be
obtained in a series of six measurements.

What is the expected average of a series of 300,000 measurements?




2. The helix is a very important structure for biochemistry. At least some parts of
important biological macromolecules have helical structure. In Problem Set 1 you could
interpret the variation of the wavelength of the three bands in the uitraviolet spectrum of
series of compounds containing aromatic rings by using the simple model of a particle
on a circle.

It turns out that many qualitative aspects of the optical rotation spectra of helical
systems can be interpreted entirely by using only the electron on a helix model system.
Let us see how 1o start. We have solved several Schrodinger equations in only one
variable, for a particle on a circle, as well as a particle on a line along the x axis. Now
let us consider the case which is sort of a combination of the two, that is, we take the
line and wrap it on the outside of a right circular cylinder to form a helix.

A particle of mass M is constrained to move along a right-handed helix consisting of {
turns (shown below). The radius of the helix is & and the pitch of the helix (the distance
between successive turns) is b2z7. The position of the electron anywhere on the helix is
given by:

X=acoso y= asinf z=ho

TOP VIEW

%
Since there are { turns, at the bottom end of the helix 6 = 0°

and at the top end of the helix 6 = {(2x).
For a free particle constrained to move on this helix of { turns, we specify that V(x,y,z) =
constant = 0 on the helix and V = « everywhere else. Obviously a complicated V!
The kinetic energy of this single particle is of course, still given by

KE. = pdi2M + p2M + p/2/2M

We replace the individual components of linear momentum by the corresponding
- quantum mechanical operators,

(Px)op = . . (Py)op = {Pz)op =

Therefore, in terms of x,y and z, the Hamiltonian operator for this particle is

H =




As we have already found in other simple systems such as the particle on a circle, it is
possible to make use of a change in coordinate system to simplify the form of the
Schrodinger equation that needs to be solved. For the particle on a circle, we changed
coordinates from the set (x,y) into the set (R,¢). Since the radius R of the circle is a
constant we solved a Schridinger equation in ¢ only.
For the particle on the helix, instead of having the operators and the eigenfunctions
in terms of three variables (x,y,z), we can use a transformation to the new coordinates
(a,b,0) defined above: X = & cos 0 y= asinb z=b0
By varying &, b, and 0 one could sweep all of 3-D space, but for the helix, @ and b are
constants. Thus, our operators and eigenfunctions can be written in terms of only one
variable, 0. In other words, to locate the particle on the helix, we only need to know the
value of 8. We express the derivatives with respect to x,y,z in terms of the derivatives
with respect to a, b, and 0, and since a and b are constants for the helix, we afterwards
leave out all derivatives 8™/ga", 8"/ob" from the Hamiltonian, that is, we can do the
following:

FPIox® +&°1oy* +6%16z2 = (a*+b?Y" #/60% for a and b are constants

Thus, in terms of O, the Schrédinger equation to be solved is
(write the equation explicitly in terms of &, b, and 0):

Examine the above Schrodinger equation for this system, and figure out what kind of
function will satisfy this equation. Remember that this system is similar in some way to
the particle on a line along the x axis from 0 to L, except that here the line is wound
around the outside surface of a right circular cylinder.

Try ¥(0) of the form: Asin( k@) + Bcos(ke)

Substitute it into the Schrédinger equation and establish whether it can satisfy the

equation.




What are the conditions that a function describing the state of this physical system (the
single particle of mass M on the helix) has to meet in order to be an acceptable
description? Hint: The particle is not allowed to exist beyond either end of the helix.

In general Explicitly, for this system*

*That is, apply each of the requirements of acceptable state functions in mathematical
terms specific to this system (in terms of the constants a, b, {, and the variable 0).

Calculate the energy eigenvalues of this system in terms of the constants a, b, t

Specify the conditions that must be satisfied by the quantities appearing in your
expression for the energy eigenvalue.




Normalize the function that satisfies the above conditions:

Summarize: Explicitly write the 3 lowest energy eigenvalues and corresponding
normalized eigenfunctions below:

quantum
number | Energy eigenvalue Eigenfunction

In this coordinate system, the z component of linear momentum is
(P2 Jop = (B/1) b (a*+b?)" 816
For the system of a particle on a helix, determine whether (P, )op commutes with H

What are the constraints, if any, on simultaneously measuring the energy and the z
component of linear momentum for this system? Explain.

Calculate the expected average value of the outcomes of measurements of P, on this
system in its lowest energy state.




{n}” (Z/a)3’2 exp [-Zr/a 1, Vi{2nY” (Z/a)*? r exp [-Zr/2a ] cos®; |qf” sm{(2/3)]qi3’2+%n}
{2/LY* sin (nm/L); {2ny* exp[imd }; - 2oM/RY* exp [-oM x%/27]

[sin(ax)dx = - (1/a)cos(ax)

| cos(ax)dx = (1/a)sin(ax)

[sin® (aX)dx ¥4 x -(1/4a)sin(2ax)

[cos?(ax)dx = ¥4 x +(1/4a)sin(2ax)

[ sin(ax)sin(bx)dx = [1/2(a-b)]sin[(a-b)x)] - [1/2(a+b)]sm[(a+b)x)] b’
f cos(ax)cos(bx)dx = [1/2(a-b)]sin[(a-b)x)] + [1/2(a+b)]sin[(a+b)x)], a=b*
[ x sin{ax)dx = (1/a* )sm(ax) (x/a)cos(ax) '
Jx cos(ax)dx (l/a )cos(ax) + (x/a)sin(ax)

Jx* cos(ax)dx = [(a*%* 2)/a3]sin(ax) + 2xcos(ax)/a’

P'S sin(ax)dx = -[(@*%* - 2)/a’]cos(ax) + 2xsin(a)r;)/.fz2

[x sin (ax)dx x*/4 - Xsm(2ax)/4a cos(ax)/8a*

[x? sin%(ax)dx = x*/6 -[x*/4a - 1/8a’]sin(2ax) - xcos(2ax)/4a2_

[x cos (ax)dx x*/4 + xsin(2ax)/4a + cos(Rax)/ 8a*

[ x? cos¥(ax)dx = x*/6 +[x*/4a - 1/8a3]sm(2ax) + }(;(505(2.:1}{)/4512

[ x exp(ax)dx = exp(ax) (ax-1)/d*

fx exp( -ax)dx = exp(-ax) (- ax—l)/a

[x* exp(ax)dx = exp(ax) [x/a - 2x%/d* + 2/a’]

| x™ exp(ax)dx = exp(ax) Y. o 1om (-1)" m!x™/(m-r)la™"

N X“ exp(-ax)dx =nl/g®! g 0, n positive integer
Iy x* exp(-ax )dx (1/4a)( w/a)” a>0 |
i x™ exp(-ax )dx (1:3:5-...-2n-1)/(2*"' ) wla)* a>0

b x™ exp(-ax®)dx = n!./Za‘1+1 - a >0, n positive integer
b exp(-azxz)dx =(1/2q) (n)"* a>0
Jp® exp(-ax) cos(bx)dx = a/(a’+b%) a>90
| exp(-ax) sin(bx)dx = b/(a*+b%) a>0
™ xexp(-ax) sin(bx)dx = 2ab/(a®+b*)* a>0
| xexp(-ax) cos(bx)dx = (a*-b*) /(a*+b*) a>0

b exp(-a*x%) cos(bx)dx = [(n)"*/2a]-exp[-b*/4a’] ab#0





