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A many-electron atom

Using the central field approximation:
V= V(ry) + V() + V() + ...

no matter how complex a numerical or

functional form each V(r;) may have.

It follows that, |
H(,2,..)0= H(1)+ H(2)+ H(3)+...

where

H (1) = <(h12p) V4% + V(1)

‘which results'in solutidns of the type

- Y(1)=F,(r1)eY,;m(61,41)
an “orbital”, a one-electron function and ¢(1)

but F, (r1) is not necessarily of the form Rp(r1)
and ¢(1) is not of the form —(Z*/n°)(e*/2a)
since V(rq) is not of the form —Ze?/ry .



Consequences of separability and
central field approximation:

- Permits use of the following :
e for each electron an “atomic orbital”:

quantum numbers ¢ and m,

and the functions Y ;m(61,91).

o for the whole atom a product of atomic
orbitals (one-electron functions):

Y(1,2,34,...) = ¥(1) e ¥(2) e¥(3) » ...

and the energy eigenvalue a sum of orbital
energies
Etotal = 22 &(7)

But correlation of electronic motions is left out.
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Many-electron atoms

Table 4.9 Best values of | for the ground state of neutral atoms*

S = Ze

Z 1s 22 2p 3s 3p 43 3d 4p
He 2 1.6875
Li 3 26906 0.6396-
Be 4 3.6848 09560
B 5 46795 1.2881 12107
C 6 56727 1.6083 1.5679
N 7 66651 19237 19170
0 8 7.6579 2.2458 2.2266
F 9 86501 23638 2.5500
Ne 10 96421 28792 28792
Na 11 10.6259 3.2857 3.4009 0.8358
Mg 12 11.6089 3.6960 3.9129 1.1025
Al 13 125010 4.1068 44817 1.3724 1.3552
Si 14 13.5745 4.5100 4.9725 1.6344 1.4284
P 15 14.5578 4.9125 5.4806 1.8806 1.6288
S 16 155409 5.3144 59885 2.1223 1.8273
Cl 17 165239 57152 6.4966 2.3361 2.0387
Ar 18 17.5075 6.1152 7.0041 2.5856 2.2547
K 19 184895 6.5031 - 7.5136 2.8933 2.5752 0.8738
Ca 20 194730 6.8882 8.0207 3.2005 2.8861 1.0995
Se 21 204566 7.2868 8.5273 3.4466 3.135¢ 1.1581 2.3733
Ti 22 214409 7.6883 9.0324 3.6777 3.3679 1.2042 2.7138
V 23 224256 8.0907 9.5364 3.9031 3.5050 1.2453 2.9943
Cr 24 234138 84919 10.0376 4.1226 3.8220 1.2833 3.2522
Mn 25 243957 8.8969 10.5420 4.3393 4.0364 1.3208 3.5094
Fe 26 253810 9.2995 11.0444 45587 4.2593 1.3585 3.7266
Co 27 263668 9.7025 11.5462 17741 4.4782 1.3041 3.9518
Ni 28 27.3526 10.1063 12.0476 4.9870 4.6050 1.4277 +4.1765
Cu 29 28.3386 10.5099 12.5485 5.1981 4.9102 1.4606 4.4002
Zn 30 29.3245 10.9140 13.0490 5.4064 5.1231 1.4913 4.6261
Ga 31 30.3094 11.2095 13.5454 5.6654 5.4012 1.7667 5.0311 1.5554
Ge 32 31.2937 11.6824 14.0411 5.9299 5.6712 20109 5.4171 1.6951
As 33 322783 120635 14.5368 6.1985 5.0409 22360 5.7928 1.8623
Se 34 332622 124442 150326 6.4678 6.2350 2.4394 6.1500 2.0718
Br 35 342471 12.8217 155282 6.7395 6.5236 2.6382 6.5197 2.2570
Kr 36 352316 13.1990 16.0235 7.0109 6.8114 28289 6.8753 2.4423

*E. Clementi and D. L. Raimondi, J. Chem. Phys. 38, 2684 {1943); computed for ground state
configuration, except for Cr{[Ar]4s?3d*) and Cul[Ar]4s23d%).




Clesvenh = Boivrmsnds vides for _ |
atoms from He through Kr. The equations obtained by Clementi and
Raimondi are , .

81, = 0.3[N(1s) — 1] + 0.0072[N(2s) + N(2p)]
+ 0.0158[N(3s) + N(3p) + N(4s) + N(3d) + N(4p)]
82 = 1.7208 + 0.3601[N(2s) + N(2p) — 1]
+ 0.2062[N(3s) + N(3p) + N(4s) + N(3d) + N(4p)]
81y = 2.5787 + 0.3326[N(2p) — 1] — 0.0773N(3s)
— 0.0161[N(3p) + N(4s)] — 0.0048N(3d) + 0.0085N (4p)
81 = 8.4927 + 0.2501{N(3s) + N(3p) — 1] + 0.0778N (4s)
+ 0.3382N(3d) + 0.1978N(4p).
83, = 9.3345 + 0.3803[N(3p) — 1] + 0.0526N(4s)
+ 0.3289N(3d) + 0.1558N(4p) :
8 = 15.505 + 0.0971[N(4s) — 1] + 0.8433N(3d)
+ 0.0687N(4p)
8:.q = 13.5804 4+ 0.2693[N(3d) — 1] — 0.1065N (4p)
84p = 24.7782 + 0.2905[N(4p) — 1]
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Slater’s rules:
1. Sls = 0-30 .

2. For electrons withn> 1 and =0, 1

Sne = 0.35Keame + 0.85kin + 1.00k;pner

where
k..me = number of other electrons in the same shell as the screened
, electron of interest
kin = number of electrons in the shell with principal quantum
number n-1 :
Kinner = number of electrons in the shell W1th principal quantum
number n-2

3. For 3d electrons

S3d = 035k3d + IOOkm

Where A
k34 = number of 3d electrons

kin = number of electrons withn<3 and £ < 2
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first lonization energy minimum
energy required to remove an electron
from the neutral gaseous atom (or
molecule)

Ca’ fromCa 589.81 kJ/mol

Ca*" from Ca 1734.80 kJ/mol
Ca%, +e- E(Ca®)

IE; =1145.0 kJ/mol

T Ca"q +e- E(Ca’)

|E; =589.81 kJ/mol
E Cagy  E(Ca)

|IE, = E(Ca") - E(Ca)
IE, = E(Ca”") - E(Ca")



electron affinity energy released when
an electron is added to an atom or molecule

Clg te- E(C))

T
E Ckq_  E(CD

EA = E(CI) - E(CD).

EA Is positive or negative,
depending on which is lower in energy,
the neutral atom or the negative ion:

Note that the definitions of IE and EA
appear to be opposite,

|E; = E(+ion) - E(neutral)

EA = E(neutral) - E(- Ion)
but the energy change is associated with
electron detachment process in both cases,

with the energy difference IE and EA being
defined for the neutral atom
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Two more complications that arise are
e the indistinguishability of electrons
o the electron spin.

These are intimately connected.

Let us proceed at tWo levels:
Level I: Electrons have spin and are

indistinguishable but we neglect coupling of
angular momenta (spin-orbit coupling)

Level lI: Include spin-orbit coupling



Fundamental particles have intrinsic
angular momentum (“spin”).

Examples:

s=Y2 for electrons, neutrons and protons.
| = 1 for deuteron, | = ¥ for "°F nucleus,
| =312 for *°Cl nucleus.

fermions = particles with half-integer spins
obey Fermi-Dirac statistics

bosons = particles with integer (and 0) spins
obey Bose-Einstein statistics

Pauli exclusion principle states:

The total wavefunction of a physical system

must be ANTISYMMETRIC with respect to

interchange of any two indistinguishable

fermions and also SYMMETRIC with respect

to mterchange of any two indistinguishable
bosons.




Consequences of mdlstmgu:shablllty
of particles in a system: '

Example, non-interacting indistinguishable
particles of mass M live on a circle of radius R:
H(1,2,...)= H(1)+ H(2)+ #H(3)+...
where 7 (1) = -(5*/2MR?) (6°/6¢+?) solutions are

(Dk1(1) - (27[) 72 exp [lk1¢1] where k1 = 0, .___1,...
(1) = k“n*/2MR?
so that for the system,
Y(1,2,3,4,...) = Dq(1) e Dyo(2) @ D3(3) » ...
E = Y, k4 /2MR?
~Indistinguishability means that for the state
- where the quantum numbers are 0,-1,2,-3 and

the energy is #°/2MR? (0°+1%+2%+3?),

W(1,2,3,4) = (1) o D4(2) o Dy(3) 0. 3(4) is
not distinguishable from

¥(1,2,3.4) = Do(2) » D4(1) o <I>z(3) *D.3(4)
(1,2,3,4) = 0o(4) « D4(3) o Do(1) e05(2) |



or any of the other 4! possibilities.

Since these functions are indistinguishable
from each other, we must use a linear
combination of 4! functions in order to have a
complete description that includes
indistinguishability of the particles.

Since each one is individually normalized and
all possibilities are equally likely, the linear
combination has to be of the form:

YP(1,2,3,4) =

(4175 P Do(1)e D4(2)e0(3)e05(4)}

where P;; is the permutation operator.
+ indicates that each term after permutation
will have a coefficient that is either +1 or -1.

The specific linear combination with a specific
set of coefficients is labeled here with * .



Consequences of the partlcles being
fermions

P13 V7(1,2,3,4)=-¥Y7(1,2,3,4)
Po3 W(1,2,34)=-¥7(1,2,3,4)

and so on, for any and all such permutations!

Consequences of the particles being
bosons

P13 V7P(1,2,3,4) = +¥V7(1,2,3,4)

Pz VF(1,2,3,4)=+¥*(12,3,4)
and so on, for any and all such permutations!



Use a determinant to ensure these
consequences for fermions

~ Let columns designate @y, @1, ®,, D3
and rows designate the fermions 1,2,3,4

YP(1,2,3,4) =

41y "*det | 0o(1) D.4(2) Do3) D(4) |

where det | ©o(1) D.4(2) Do(3) D3(4) |
means “ |
Do(1) D4(1) Do(1) D(1)
| 6(2) ©4(2) 2(2) D4(2)
| @o(3) D-4(3) D23) D-3(3)
Do(4) D.4(4) D2(4) D3(4) |
Why a determinant? |
e value of det is unchanged if rows are
interchanged with columns -
e value of det changes sign if any two rows (or
columns) are interchanged with each other
e det = O if all elements of one row (or column)
are identical with or multiples of the
corresponding elements of another row.




Recall how to expand a determinant
f(1) g(1) h(1) |
f(2) g(2) h(2)
f(3) 9(3) h(3)
in terms of the elements of row 1, e.g.,

= (-1)"'(1) x | g(2) h(2) |

g(3) h(3) |
~+ (-1)"Pg(1) x | f(2) h(2)
f(3) h(3)

+(-1)h(1) = | f(2) g(2) |
f(3) 9(3)

=1(1)a(2)h(3)- f(1)h(2)g(3) - g(1)f(2)h(3)
+ g(Dh(2)(B)+ h(1)f(2)g(3) - h(1)a(2)f(3)
The normalized wavefunction ¥(1,2,3) is

(3!)_1/2{ f(1)a(2)h(3)- f(1)h(2)g(3) - g(1)f(2)h(3)

+g(1)h(2)f(3)+ h(1)f(2)a(3) - h(1)g(2)f(3)}

Verify for yourself that P12¥(1,2,3) = -¥(1,2,3)



In general, we can represent the entire
antisymmetrized function that results from
expanding the determinant as

(NY) 7“2 (PP f(1)g@)h(3)-2z(N)

The operator (NI) "2 (1P is called the

antisymmetrization operator, where p is the
number of two-fold permutations, P is the

permutation operator which is a sequence of
two-fold permutations.

1 )is a spin-orbital, that is, a product of a
~space function and a spin function, e.g.,
f(1) = 1sa(1)




A determinant automatically satisfies Pauli
exclusion principle for fermions.

For the electronic configuration 1s* for ground
state of a He atom

-Ya
PP(1,2) = (21) "det | Drsa(1) D1sp(2) |
For the electronic configuration 1s%2s” for the
ground state of a Be atom
YP(1,2,3,4) =
Sz
(41) “det | ®1sa(1) @1313(2) D0(3) Dosp(4) |

Let us examine term by term'for He atom:
y | @1sa(1) D1sp(1) |

277 | @15a(2) D1sp(2) ]

= (2!) {cbm(n-%(a o (1) oD154(2)}

= D1o(1)e1(2) x (1) {a(1)oB(2) - B(1)ocr(2)}

space spin



antisymmetric:
P12 D1s(1)e015(2)x(2) {ou(1)0(2)

. B(1)ea(2)}
= D1s(2)e@1s(1):(21) {a(2)eB(1) - B(2)°a(1)}
= L P10 @i(@)x(2)) “{a(1)0B(2) - B(1)ea(2)}

Let us examine term by term for He atom
excited state 1s2s. This could be 1sa2so or
135235 or 1sa2sp or 1sp2sa . Each one has a
difterent determinant.
13«23& stands for the function Dy

o ®rsa(1) Dose(1) |

2) 7 | D15a(2) Boso(2) |

-=(2) 2 D1sol(1)0Dase (2) - Dosa(1) 8Di1so(2)}

=(21) D 1o(1)0D24(2)-Ds(1)0D15(2) b x(1)0s(2)
space spin




Similarly y
D= (21) 7 | Duep(1) Dasp(d) |
| D15p(2) D2sp(2) |
=(21) " D15(1)eD25(2)-D2s(1)eD15(2) } B(1)0B(2)
M space spin

D3 = (21) " {D16a(1)oD2sp(2) - Dosp(1)eD1s(2)}
and 3

D, = (2!) {(DlsB(l)'q)Zsoc(z) - q)ZSa(l).q)lSB(z)}

We need to form linear combinations
of D3 and D4 In order to be able to factor out

space and spin: 1
(2) 7 (D5+Da) = (21) " D1s(1)0Dss(2) -

B2o(1)0015(2)}2) {(1)eB(2) + B(L)0x(2)}

-1/ -1/
(2) 7 (0D = (2) "{Pss(D)e02s(2) +
Da5(1)eD15(2)}(2!) “{(1)oB(2) - B(1)ecx(2)}
All four are antisymmetric with respect to
Interchange of electrons 1 and 2.



For the 1s2s electronic configuration of
helium atom,
D4, Do, (2!)-/2( D3+Dy) constitute the S=1 state,
also callg/d ortho helium
and (21) 2(D3— D,4) constitutes the S=0 state,
ilso called para helium

These are the eigenfunctions of the operators

Sz total » iotal

In contrast, the ground state, 1s? , is S=0 only.

Corollary: |
Two electrons assigned the same set (n,/,m,,
ms) would appear as two identical columns
containing the same spin-orbital. |
The properties of a determinant guarantee
that the value of such a determinant is zero.
In other words, such a state can not exist.
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SPIN-ORBIT COUPLING
The | ¢s; j m;) states

Two-component function for the P, state:
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and the °Py,, state:
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Note that due to spin-orbit coupling, the
good quantum numbers are / s ] m;
not m, not mg

Neglecting spin-orbit coupling:
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1. INTRODUCTION TO QUANTUM MECHANICS
2. ANGULAR MOMENTUM
3. THE HYDROGEN ATOM
4. MATRIX REPRESENTATION OF QUANTUM
MECHANICS
5. ELECTRONIC STRUCTURE OF ATOMS
5.1 The central field approximation and the
Periodic Table
5.2 Consequences of the Indistinguishability of
Electrons and the Electron Spin
5.3 Coupling of Angular Momenta
5.3.1 Spin-Orbit Coupling
5.3.2 How to Represent the Eigenfunctions
for a System in which two Angular
Momenta are Coupled?
5.4 Electronic States of Atoms, Term Symbols,
The Ground States of Atoms, Hund’s Rules
5.5 Atomic Spectra of Light Atoms, e.g., Na
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Zinc Singlet Sodium Principal Doublet

' No field
Weak field
$ .>‘ ¥
Normal Triplet Anomalous Patterns

Zinc Sharp Tmplef

No field

Weak field

Anomalous Patterns

Normal and anomalous Zeeman effect. Viewed p’érpendicular to the magnetic
field.






