










What is left out in using the Born-Oppenheimer 
separation? 
Let us write the Hamiltonian and the functions in 
simpler notation: use {R} for nuclear coordinates 
and {r} for electron coordinates: 
H (R,r)Ψ(R,r) = EΨ(R,r) 
 
H (R,r) = Σα(-(h2/2Mα)∇2

R α)  
      + Σi (-(h2/2m)∇2

r i) +V(R,r) 
where V(R,r) includes VeN + VNN + Vee 
The B-O separation is to consider a simple product  
Ψ(R,r) ≈  Ψe(r;R)• ΨN(R) which are the solutions 
of the separate equations for electronic and nuclear 
motion: 
For fixed nuclear positions: 
{Σi (-(h2/2m)∇ri

2) +V(Rparm, r)}Ψe(r;Rparm) =    
        U(Rparm)Ψe(r;Rparm) * 
The eigenvalues of the electronic motion problem 
at various values of R are connected together and 



the resulting function U(R) serves as the potential 
energy term for the nuclear motion  
{Σα(-(h2/2Mα)∇2

R α) +U(R)}ΨN(R) = E ΨN(R) ** 
If we try the product function in the Schr eqn: 
Σα-(h2/2Mα)∇2

R αΨe(r;R)•ΨN(R)  
             + Σi -(h2/2m)∇2

r iΨe(r;R)•ΨN(R)  
+V(R,r) Ψe(r;R)•ΨN(R) = EΨe(r;R)•ΨN(R) 
then we find, 
Σα -(h2/2Mα){ΨN(R)•∇2

RαΨe(r;R) 
     + 2∇RαΨe(r;R)∇RαΨN(R)  
       + Ψe(r;R) •∇2

RαΨN(R)} 
             + Σi -(h2/2m)∇2

r iΨe(r;R)•ΨN(R)  
+V(R,r) Ψe(r;R)•ΨN(R) = EΨe(r;R)•ΨN(R) 
The coupling terms 
Σα -(h2/2Mα){ΨN(R)•∇2

RαΨe(r;R) 
     + 2∇RαΨe(r;R)∇RαΨN(R)  
involve derivatives of the electronic wavefunction 
with respect to the nuclear coordinates. 
If we call the sum of the coupling terms taken all 
together as B, then we can write  



H (R,r) Ψe(r;R)•ΨN(R) = B  
    + Ψe(r;R)•Σα(-(h2/2Mα)∇2

Rα) ΨN(R)  
  + ΨN(R)•{Σi -(h2/2m)∇2

ri+V(R,r)}Ψe(r;R) 
We recognize the U(R)Ψe(r;R) in eqn * 
and put it in: 
H (R,r) Ψe(r;R)•ΨN(R) = B  
    + Ψe(r;R)•Σα(-(h2/2Mα)∇2

Rα) ΨN(R)  
  + ΨN(R)• U(R)Ψe(r;R) 
H (R,r) Ψe(r;R)•ΨN(R) = B  
 + Ψe(r;R)•{Σα(-(h2/2Mα)∇2

Rα)+U(R)}ΨN(R) 
We recognize the EΨN(R) in eqn **and put it in: 
H (R,r) Ψe(r;R)•ΨN(R) = B + EΨe(r;R)• ΨN(R). 
 
In the adiabatic approximation, one computes the 
average value of the coupling terms for a given 
electronic Ψe(r;R) and then adds to the nuclear 
motion Hamiltonian the terms 
 Σα(-(h2/2Mα){ 〈Ψe(r;R)∇2

RαΨe(r;R)〉 +     
       〈2Ψe(r;R)∇RαΨe(r;R)〉} 



Dissociation energy D0

in cm-1 H2 HD D2

Born-Opp 
enheimer 

36112.2 36401.5 36745.6 

Adiabatic 
approx 

36118.0 36405.7 36748.3 

Non-adiab 
accurate 

36114.7 36402.9 36746.2 

EXPT 36113.6 36400.5 36744.2 
The Born-Oppenheimer approximation is quite 
acceptable. 
 
 
  
 


















































































