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ABSTRACT: Many industrial processes involve processing
aqueous electrolyte solutions. There is thus a need for accurate
theories to predict their thermophysical properties. Recent
studies have shown that the size of the hydrated ion plays an
important role in determining these properties. In this study,
we first used molecular dynamics simulations to estimate the
effective hydrated ionic size and the free energy of solvation,
and then developed correlations allowing for the prediction of
these quantities. The temperature dependence of these
solution properties was also investigated. Our studies have
shown that the effective (hydrated) size, the charge density,
and the free energy of solvation of the ions are strongly
interdependent. The effective hydrated ionic size also plays an
important role in determining the selectivity of membranes to remove such hydrated ions from solutions, for example, in
membrane based desalination processes, and related water purification technologies.

■ INTRODUCTION

Aqueous electrolyte solutions play an important role in a wide
range of industrial processes that include gas/wastewater
treatment; separations via crystallization, distillation, and
various membrane technologies; the production of energy (as
in electrolytic batteries); and electrodeposition. These solutions
are also responsible for many undesirable consequences such as
corrosion. Aqueous electrolyte solutions are used in these
processes in a variety of chemical compositions (solutes),
concentrations, and system conditions. While the molecular
properties of water are somewhat better understood, the
addition of ions greatly affects both thermodynamic and
transport behavior. The prediction of these properties
especially at high concentrations which exhibit highly nonideal
behavioris a rather difficult challenge that must be addressed
during the design of industrial processes involving these
materials. Many theoretical, semiempirical, and empirical
models have been proposed to address these needs and reports
by Zematis et al.,1 Pitzer,2 Rafal et al.,3 Loehe and Donohue,4

and Anderko et al.5 provide a detailed picture of the
thermodynamics of aqueous electrolyte systems at industrially
relevant conditions. Of particular interest is a modified
nonrandom two liquid (NRTL) approach proposed by Chen
et al.6 that accounts for the electrolytic species as hydrated
complexes rather than simple ions for the purpose of estimating
activity coefficients. The success of this method along with an

earlier computational study by Paritosh and Murad7 suggests
that simple electrolytes do not behave as ions surrounded by
bulk water, but as multiatomic complexes consisting of the ion
and several water molecules loosely bound by Coulombic
forces. These clusters of ions and water influence a wide range
of thermophysical and transport properties such as viscosity,
electrical/thermal conductivity, and diffusivity. They especially
have a significant impact on the selectivity and flux rates
achieved when using membrane-based technologies for
separation, which will be the main focus of this report.
Selectively permeable membranes are used for many

applications such as gas separation,8−11 desalination,12−15

dialysis,16−18 batteries,19−21 biosensing,22 and drug deliv-
ery.23−25 Therefore, the efficient design of membranes requires
a deep and thorough understanding of the membrane
interactions with aqueous electrolyte solutions which are crucial
for the success of many separation processes. The morphology
and functionality of semipermeable membranes allow for the
passage of certain chemical species while at the same time
blocking others from passing through the system. Many
engineered membranes that are in use today operate on the
basis of molecular sieving (steric operations) for the desired
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selectivity; that is to say, they operate by separating various
species on account of their size. The desired flux is often
determined by Coulombic forces that then facilitate the
movement of the desired species within the membrane. The
first synthetic membrane of this type was developed in the
1960s by Loeb and Sourirajan.12 These membranes contain
pores of a size such that larger molecular species cannot pass
through while still allowing for the transport of smaller
molecules. Depending on the system of interest and which
materials must be blocked from passage through the
membrane, the pore size is selected to achieve the necessary
separation. This selection assumes that the relative sizes of the
species to be separated are known, but this is not always the
case. As discussed previously, the effective size of ionic species
in aqueous solution is greater than that of the bare ion due to
the presence of a surrounding hydration layer. Depending on
the free energy of solvation, this hydration layer can be loosely
or tightly bound and this can also greatly influence the
transport of the ionic species through porous materials. This is
because a hydration shell that is not rigid (primarily due to
lower free energies of solvation) has the flexibility to then
squeeze into smaller pores, which a rigidly held hydration
would not succeed in entering. For example in a previous
study26 we found that potassium ions, which are larger than
sodium ions, were able to permeate a carbon nanotube while
sodium could not because the hydration shell of the potassium
ions was not as rigidly held. This study aims to use molecular
dynamics simulations to further examine this phenomenon and
provide guidance to engineers regarding the two contributing
factors: effective size of electrolytes in aqueous solution, and
their free energy of solvation in the design of more efficient
membranes. These predictions can then be used to help reduce
the experimental trials needed in designing new membrane-
based separation processes involving aqueous electrolyte
solutions, as well as for developing new methods to predict
thermophysical properties of such solutions.

■ COMPUTATIONAL METHODS
System Setup. This molecular dynamics study utilizes a

system setup developed previously to determine the selectivity
of zeolite membranes to solvated ions;27 therefore, it is only
discussed briefly here. As seen in Figure 1a, two membranes are
used along with periodic boundary conditions in all dimensions
to create two separate solution/solvent compartments in one
dimension, while the system can be considered infinite in the
other two dimensions.
The model membranes in this study consist of a single

atomic layer of silicon atoms arranged in an array of eight-
membered rings (Figure 1b,c). Systems with ring sizes of either
5.7 or 8 Å were used, and by adjusting the size of these ring
atoms a range of pore sizes (from 3.4 to7.0 Å in increments of
0.1 Å) were prepared. One compartment consisted of pure
water while the other contained an ionic solution of 5 mol %
for the various mono- and bivalent salts or 3 mol % for the
trivalent salts. Our previous studies have shown that at these
concentrations very few ion pairs are observed,28 which do not
affect the results. The cations examined include five
monovalent alkali ions (Li+, Na+, K+, Rb+, Cs+), four bivalent
alkaline earth ions (Mg2+, Ca2+, Sr2+, Ba2+), and eight ions from
various groups (Ag+, V2+, Fe2+, Zn2+, Al3+, Ti3+, Fe3+, Cr3+). The
chloride ion (Cl−) was used as the counterion in all cases. The
number of solvent molecules and the size of the solution
compartment was adjusted in order to achieve the correct

solution densities in the various systems. Densities for LiCl,
KCl, NaCl, MgCl2, CaCl2, SrCl2, BaCl2, ZnCl2, FeCl2, AlCl3,
CrCl3, and FeCl3 solutions were found at various system
conditions using the correlation developed by Laliberte ́ and
Cooper.29 The remaining densities were estimated using
species from the same valence family. All atom counts and
system/compartment sizes are tabulated in the Supporting
Information. All membrane atoms were tethered to their initial
positions using a simple harmonic potential. Short-range site−
site interaction potentials used the extended Lennard-Jones
(LJ) potential of the form:
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where rij is the distance between sites i and j, rc is the cutoff
radius (10 Å) beyond which the short-range interactions are
neglected, σij and εij are the LJ parameters, and qi and qj are the
atomic charges on sites i and j, respectively. Long range
electrostatics (beyond the cutoff of 10 Å) were computed using
the particle-mesh Ewald scheme (PME) with an accuracy of
10−4. These potentials were summed over all sites to obtain the
total intermolecular interactions. The common SPC/E model
was used for water30 while the models for the various ions were
taken from a number of previously published studies: Joung et
al.31 for monovalent ions in Group I; Mamatkulov et al.32 for
bivalent ions in Group II; DuBois et al.33 for Ag+; Aguilar et
al.34 for Fe2+; Ansari et al.35 for Zn2+; Li et al.36 for V2+; Faro et
al.37 for Al3+; and Won38 for Ti3+, Fe3+, and Cr3+ (see
Supporting Information for parameter tabulation). The
membrane atoms are uncharged and their LJ size parameter,
σmem, was varied (from 1.0 to2.5 Å) in order to fine-tune the
pore size and determine at which value the membrane became
impermeable to each cation. The pore diameter, dpore, is defined
in eq 2 where dc‑c denotes the center-to-center distance of the
membrane atoms across the eight-membered ring.

σ= −−d dpore c c mem (2)

Simulation Details. The open source software package
Packmol39 was used to construct the initial nonoverlapping

Figure 1. (a) System schematic showing alternating solution/solvent
compartments; membranes with ring size of (b) 5.7 Å and (c) 8 Å; (d)
illustration of how the hydration shell contributes to the effective ionic
radius.

Journal of Chemical & Engineering Data Article

DOI: 10.1021/acs.jced.5b00945
J. Chem. Eng. Data 2016, 61, 1578−1584

1579

http://pubs.acs.org/doi/suppl/10.1021/acs.jced.5b00945/suppl_file/je5b00945_si_001.pdf
http://dx.doi.org/10.1021/acs.jced.5b00945


random solute/solvent configurations. All simulations exist at
nonequilibrium conditions and were run using the LAMMPS
simulation package.40 Energy minimization was performed
using the Polak-Ribiere conjugate gradient method and the
Verlet algorithm was used to carry out the time integration.
The system volume was kept unchanged and a Nose−́Hoover
thermostat (with a damping constant of 100 fs) was applied to
the solution and membrane atoms throughout the simulation in
order to maintain a constant temperature of 298 K. Following
minimization, a time step of 1.0 fs was used for production runs
of 5 000 000 steps (5 ns).

■ RESULTS AND DISCUSSION
Model Verification. The existence of the hydration shell

surrounding an ion results in its effective size in aqueous
solution being larger than the ionic radius (Figure 1d);
therefore, the hydration shell of each ion was examined and
compared with experimental values in order to ensure that the
models utilized display the correct behavior in bulk solution.
The ion−water radial distribution function (RDF) was found
for each ion in solution by defining the position of the water
molecule to be that of the oxygen atom. The distance of the
first peak from the origin represents this average ion−oxygen
distance, dI−O, for the first hydration shell. The uncertainty of
the location of this peak can be estimated by the size of the
radial bins used when calculating the RDF. Values found in this
analysis are compared (Table 1) with experimental neutron and

X-ray diffraction values and previous computational results
compiled by Marcus.41 These were found to have good
agreement, demonstrating that the hydration shells in our
simulations are structurally realistic.
In addition to the structures of the hydration shells, it is also

important to ensure that these systems are behaving correctly in
terms of energetics. To measure the solvation free energy of
each ion, the technique of thermodynamic integration42 was
used as described by Smith et al.43 These values are compared
to experimental data from Marcus44 in Table 2. Uncertainties
are based on the statistical convergence of the free energy
change during the thermodynamic integration procedure. All

free energy data is expressed here on a scale relative to the
aqueous H+ ion. Again, our simulations show good agreement
with the experimental results, and all calculated solvation free
energies are within 10% of experimental values except for the
Li+ ion which presents a discrepancy of ∼13%. This is another
indication that these models provide a good representation of
the ions in bulk aqueous solution.

Effective Ion Size. When the pores are large enough, ions
permeate the membrane relatively quickly in order to balance
the initial concentration (chemical potential) gradient. By
adjusting the LJ size parameter of the membrane atoms we can
fine-tune the size of the membrane pore. A pore size that leads
to no ionic permeation is defined here as the critical pore
diameter, dc, the largest value of dpore which no longer allows for
the permeation of the hydrated ions. These values can be scaled
by the ionic diameter based on the crystal ionic radii of
Shannon45 to produce the dimensionless relative critical pore
diameter, dc*; both are shown in Table 3 (see Supporting
Information for a tabulation of the Shannon radii used in
scaling). The uncertainty in these measurements is defined as
the standard deviation of three separate simulations for each
ion. The decreasing trend of the relative critical pore diameter
with increasing number of core electron shells in each group of
ions correlates well with the decreasing stability of the
hydration shell. Ions with high surface charge densities (such
as Li+, Mg2+, and Al3+) interact with the shell waters more
strongly than they do with the membrane atoms. This means
that in order for each of these ions to pass through the pore, it
must be able to carry its hydration shell along with it; thereby
explaining the need for a pore that is greater than ∼2.5 times
the size of the bare ion.
At the other extreme, ions with low surface charge densities

(such as Cs+ and Rb+) are not as strongly attracted to their
hydration shell water molecules; their hydration shells are more
likely to deform to allow for the hydrated ion to pass through
the pore. For these ions, the pore size can be roughly equal to
the size of the bare ion (dc* ≈ 1). Figure 2 shows the effect that
surface charge density has on the relative critical pore size. In
this figure, the dimensionless relative critical pore size is plotted

Table 1. Cation−Water Distance within the First Hydration
Shell of the Simulated Ions

dI−O, Å

ion this work Marcus41

Li+ 1.98 ± 0.12 2.08 ± 0.07
Na+ 2.34 ± 0.12 2.36 ± 0.06
K+ 2.70 ± 0.12 2.80 ± 0.08
Rb+ 2.94 ± 0.12 2.89
Cs+ 3.10 ± 0.12 3.14 ± 0.08
Ag+ 2.22 ± 0.12 2.42 ± 0.02
Mg2+ 1.98 ± 0.12 2.09 ± 0.04
Ca2+ 2.36 ± 0.12 2.42 ± 0.05
Sr2+ 2.46 ± 0.12 2.64
Ba2+ 2.70 ± 0.12
Fe2+ 2.10 ± 0.12 2.11 ± 0.01
V2+ 2.10 ± 0.12
Zn2+ 1.98 ± 0.12 2.10 ± 0.07
Al3+ 1.86 ± 0.12 1.89 ± 0.02
Ti3+ 1.80 ± 0.12
Fe3+ 1.83 ± 0.12 2.03 ± 0.02
Cr3+ 1.80 ± 0.12 1.97 ± 0.03

Table 2. Free Energies of Solvation of Each Metal Cation
Obtained via Thermodynamic Integration at 298 K

−ΔGsolv, kcal/mol

ion this work Marcus44

Li+ 129. ± 7.8 113. ± 3.1
Na+ 96.3 ± 6.3 87.2 ± 3.1
K+ 76.4 ± 2.0 70.5 ± 3.1
Rb+ 67.9 ± 4.0 65.7 ± 3.1
Cs+ 59.4 ± 1.3 59.8 ± 3.1
Ag+ 105. ± 2.2 103. ± 3.1
Mg2+ 471. ± 12. 437. ± 3.8
Ca2+ 378. ± 8.5 360. ± 3.8
Sr2+ 354. ± 9.0 330. ± 3.8
Ba2+ 319. ± 2.9 299. ± 3.8
Fe2+ 425. ± 17. 440. ± 3.8
V2+ 435. ± 16. 436. ± 6.0
Zn2+ 477. ± 13. 467. ± 3.8
Al3+ 1010 ± 32. 1080 ± 4.8
Ti3+ 1030 ± 34. 960. ± 7.2
Fe3+ 1090 ± 37. 1020 ± 4.8
Cr3+ 1040 ± 35. 958. ± 7.2
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against the dimensionless relative surface charge density,
defined as

ρ
π ρ

* =
⎛
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z
r4
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2
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where z is the ionic charge, rion is the Shannon ionic radius in Å,
and ρq,Na is the surface charge density of the sodium ion. By this
definition, the sodium ion has a relative surface charge density
equal to unity.
As displayed in Figure 2, a clear trend exists that spans all

three ionic valence families. The dotted line is mathematically
described by a logarithmic relationship shown in eq 4 with the
parameters fit only to the monovalent ions.

ρ* = * +d 1.1 ln( ) 1.88qc (4)

This correlation for the monovalent ions seems to describe the
results found for the bivalent and trivalent ions as well,
suggesting that eq 4 could be used to predict the critical pore
size for a wide range of cations. This predictive procedure for a
molecular sieve that excludes a particular ion can thus be
outlined as follows: (1) first obtain the Shannon ionic size of

the ion of interest; (2) calculate the relative surface charge
density of the ion using eq 3; (3) calculate the relative critical
pore size using eq 4; (4) obtain the true critical pore size by
multiplying the result in step 3 by the Shannon radius; (5)
choose a molecular sieve that has a pore size smaller than this
critical pore size. This procedure can aid in choosing the
appropriate molecular sieve for removing ionic contaminants
from an aqueous solution.

Free Energy of Solvation. This critical pore size is
strongly linked to ionic charge, charge density, and free energy
of solvation. A second empirical correlation was therefore
sought that would enable the prediction of the free energy of
solvation based on an observation of the effective ion size. Such
a relationship is shown by eq 5 which correlates the solvation
free energies as a function of ionic charge and the relative
critical pore size.

Δ Δ = * − −G G d z/ (0.4 0.8)( 0.25)solv solv,Na c
1.5

(5)

These are found relative to the solvation free energy of the
sodium ion where ΔGsolv,Na is the experimental value at 298 K.
Here, again, the parameters are fit to a subset of the
experimental data from Marcus44 including only a single ion
from each valence level (Li+, Mg2+, and Al3+). The expression
reproduces the experimental data well, carrying an average error
of ∼7% as can be seen in Figure 3. This technique can be seen

as the reverse of the procedure above; here predictions are able
to be made about ionic properties based on observations of
whether or not ions are able to be transported through
membranes containing pores of various sizes. This is similar to
the correlation offered by Smith46 in which the enthalpy of
solvation was expressed as a function of ionic charge and the
Pauling univalent radius.

Effect of Temperature on Effective Ion Size. As the
effective ion size observed using this method is associated with
the stability of the hydration shell, this size can be expected to
decrease as the temperature increases. To examine this
temperature dependence, the effective size of four ions (Li+,
Cs+, Mg2+, and Ba2+) was determined using the scheme
outlined previously at temperatures of 325, 350, 373, and 400
K. This particular subset of ions represents the species that have
the lowest and highest charge densities among the monovalent
and bivalent groups. As expected, the relative critical pore size

Table 3. Critical Pore Diameter and Relative Critical Pore
Diameter for Hydrated Ions, 298 K

ion dc, Å dc*

Li+ 4.7 ± 0.2 2.6 ± 0.2
Na+ 4.4 ± 0.2 1.9 ± 0.2
Ag+ 4.7 ± 0.2 1.8 ± 0.2
K+ 4.1 ± 0.2 1.4 ± 0.1
Rb+ 4.1 ± 0.2 1.2 ± 0.1
Cs+ 4.0 ± 0.2 1.1 ± 0.1
Mg2+ 5.8 ± 0.1 3.4 ± 0.2
Zn2+ 5.7 ± 0.1 3.2 ± 0.2
V2+ 5.8 ± 0.1 3.1 ± 0.2
Fe2+ 5.7 ± 0.1 3.1 ± 0.2
Ca2+ 6.0 ± 0.1 2.6 ± 0.3
Sr2+ 6.1 ± 0.1 2.3 ± 0.1
Ba2+ 6.1 ± 0.1 2.1 ± 0.1
Al3+ 6.2 ± 0.1 4.6 ± 0.3
Fe3+ 6.2 ± 0.1 4.5 ± 0.3
Cr3+ 6.1 ± 0.1 4.0 ± 0.3
Ti3+ 6.1 ± 0.1 3.8 ± 0.3

Figure 2. Relationship between relative critical pore size and surface
charge density of various monatomic metal cations. The dashed line is
the correlation presented in eq 4.

Figure 3. Predictions for solvation free energy from the correlation in
eq 5 compared to experimental results.
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decreases as the system temperature is increased. The relative
pore size shows an Arrhenius-like behavior with inverse
temperatures (Figure 4).

All remaining ions were investigated at 400 K in order to test
the general applicability of the behavior observed in Figure 4.
The Arrhenius activation energy (which represents the
dependence of the effective ionic size on temperature) was
thus obtained for all the ions. Over a 100 K temperature range,
we observed a ∼10−12% change in dc* for species with low
relative charge densities (<1.0) and ∼3% for species with high
relative charge densities (>6.0) which validates the hypothesis
that the variation of the effective size is strongly dependent on
the stability of the hydration shell. The temperature depend-
ence of dc* is well represented by the equation:

* = * = −d T d T( ) ( 298 K) e E RT
c c

/a (6)

The activation energies, Ea, associated with each ion were then
compared with the free energy of solvation of that ion to
determine their relationship. Figure 5 presents this dependence
and as expected, there is an inverse relationship between the
two (see Figure 4 which also shows this behavior). High free
energies of solvation make the hydrated ions very stable, which
then makes them relatively insensitive to changes in temper-
ature. The dashed lines in Figure 5 can be described by a power
law relationship:

− = −Δ −E z G68 ( )a
2

solv
1.3

(7)

This equation (eq 7) can also be used to estimate the activation
energy of other ions of interest that are not included in this
study. Here, both the activation energy and the solvation free
energy are expressed in units of kcal/mol.

Effect of Temperature on Free Energy of Solvation.
Conceptually, the free energy of solvation is a measure of how
much energy would be needed to completely dehydrate the ion.
This value should also depend on temperature and should be of
lower magnitude at elevated temperatures. To verify this trend,
the thermodynamic integration method used previously was
applied to the same subset of ions (Li+, Cs+, Mg2+, Ba2+) at
system temperatures of 325, 350, 373, and 400 K. The
correlation for ΔGsolv in eq 5 should also be able to capture this
phenomenon due to the change in the relative critical pore size.
The result of this analysis is shown for the lithium and
magnesium cations in Figure 6.

In Figure 6, both predictive methods (thermodynamic
integration for the solvated ion and the general correlation
found to apply to all ions) result in similar trends. While
differences in the absolute values exist, they are relatively small
within the scale of the error bars and may have to do with
differences in the charge densities of the two ions. This
indicates that the general correlation presented earlier (eq 5)
can also be used to predict the free energy of solvation at
different temperatures using the temperature-dependent
effective ionic sizes.

Figure 4. Arrhenius-type behavior of effective ion size with
temperature, the slope of the line is proportional to an activation
energy associated with the effective ion size change and is an indication
of the thermal sensitivity.

Figure 5. Arrhenius activation energy decreases as the solvation free
energy increases due to the increased stability of the hydration shell.
The dashed lines are found using the correlation presented in eq 7.

Figure 6. Effect of temperature on solvation free energy for Li+ (top)
and Mg2+ (bottom) cations predicted using two methods:
thermodynamic integration and the correlation in eq 5.
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■ CONCLUSIONS
In this study we have used nonequilibrium molecular dynamics
simulations to measure the effective size of a range of cations
(monovalent, bivalent, and trivalent) in aqueous solution. We
observed a strong dependence between surface charge density,
solvation free energy, and effective size of hydrated ions.
Increasing charge density was observed to logarithmically
increase the relative critical pore size due to the more stable
hydration shell that results. The data from our simulations were
used to develop a correlation (eq 4) that could aid in the
selection of membranes for any desired separation. Conversely,
if ionic transport through a porous membrane is observed, one
could estimate ionic properties such as the charge density or
the energy of solvation using a related empirical correlation (eq
5) we have developed. The influence of temperature on the
effective size of hydrated ions was also investigated and as
expected we observed that at higher temperatures the hydrated
complex becomes less stable, leading to an effective decrease in
the size. An Arrhenius-type relationship was used to define an
activation energy for this thermally induced size change which
can then also be correlated with the ion’s free energy of
solvation. This activation energy can be thought of as a measure
of the sensitivity of the effective size to temperature
fluctuations, which as expected, are more pronounced for
lower solvation free energies where a small amount of thermal
energy can result in a significant change in the structure of the
hydration shell.
While the models used here only account for the formation

of hydrated ionic complexes due to van der Waals and
Coulombic forces, it is known that certain transition metals
form covalent bonds with their hydration shell. While these
covalent bonds may affect the residence time of water
molecules in the hydration layer, the models used in this
study were shown to reproduce the experimental cation−water
distances even for such ions as Fe3+ and Cr3+; therefore, we
believe our models accurately capture the structural behavior of
these hydrated cation complexes as well.
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