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The definition of a bond order in the iodine case, how-
ever, is not so unambiguous since both ¢ and = atomic
orbitals are used to construct each molecular orbital.
Advantage was taken of the mutual orthogonality of
o and 7 orbitals for Bond 1-2, and of & and # orbitals
(described in Sec. ITIA) for Bond 2-3. For evaluating
p12 the molecular orbitals were expressed in terms of
atomic ¢’s and 7’s, and separate ¢ and 7 bond orders
were evaluated from Eq. (31) by using, respectively,
Coo1¥Cso2 ANA Csm¥Cens terms. A corresponding procedure
was used for ps;, except that the molecular orbitals
were expressed in terms of ¢’s and #’s. Values of the
exchange integrals tabulated in Table IV were used,
and the resulting bond orders are listed in Table VI.
For comparison, the bond orders are tabulated for the
isolated molecule approximation, corresponding to zero
values of all intermolecular exchange integrals, 8. The
intermolecular interactions are seen to have only a
small depressing effect on the total bond order of the

L. ROSENBERG

1-2 bond and to produce a bond order in the 2-3 bond
almost one-third that in the 1-2 bond.
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Explicit expressions for the paramagnetic contribution ¢® to the nuclear magnetic shielding are derived in
the valence bond and the LCAO-MO framework including d as well as p orbitals on the atom in question. A
survey of published experimental data reveals a periodic dependence of the range of chemical shifts on
atomic number, which is explained in terms of the paramagnetic contribution to the chemical shift and its

dependence on (1/7%) for the bonding electrons.

A brief discussion is given of related but more complex periodicities in the electron coupling of nuclear
spins, using the M-H coupling in Group IV hydrides as an example. It is suggested that the anisotropy in the
nuclear shielding and internuclear coupling tensors may combine to give observable linewidth differences in
the high-resolution NMR spectra of directly bonded nuclei of large Z.

I. INTRODUCTION

GENERAL theory of chemical shifts was given by
Ramsey.! Using second-order perturbation theory

he expressed the nuclear magnetic shielding as the sum
of two terms, a first-order term which is analogous to
the Lamb formula for an isolated atom or ion, and a
second-order term which is often called the paramag-
netic term. The Lamb term is calculated easily, but in
order to obtain accurate values of the second-order
term one needs detailed knowledge of the energies and
wavefunctions of all the electronic excited states. A
simpler form is obtained by replacing the electronic

* This research was supported by the U.S. Office of Naval Re-
search and by the National Science Foundation.

1 Now at Columbia University.

I N. F. Ramsey, Phys. Rev. 77, 567 (1950); 78, 699 (1950); 83,
540 (1951); 86, 243 (1952).

excitation energies with an average value A, The quan-
tum mechanical sum rule then leads to an expression
involving only the ground state wavefunction. However
even this form is difficult to use because for a large
molecule both terms become large and mainly cancel
each other.

Saika and Slichter? proposed a useful simplification.
They divided the shielding tensor ¢ into separate atomic
contributions: (1)¢W, the diamagnetic correction for
the atom in question, (2)é®, the paramagnetic term
for the atom in question, and (3) 4™, the contribution
from other atoms. By means of this approach, they
found that changes in ¢® accounted for the main
general aspects of fluorine chemical shifts, the range
of 63X10~* and the dependence upon the M-F bond

2 A. Saika and C. P. Slichter, J. Chem. Phys. 22, 26 (1954).
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CALCULATION OF CHEMICAL SHIFTS. I

ionic character. With the origin thus centered on the
nucleus in question, the ¢® contribution lends itself to
calculation in terms of conventional, localized bond
properties such as hybridization and ionic and double-
bond character. Therefore, it is of interest to review
the circumstances when ¢® may dominate the chemical
shift of a nucleus.

The fractional differences in the diamagnetic term
6® caused by changes in bond properties are small
compared to the changes in 6@ for atoms other than
hydrogen. Calculations of ¢ for neutral atoms from
Hartree-Fock wavefunctions have been performed by
Dickerson® for Z=1 to 92. In his results, gaton™® in-
creases monotonically with Z, ranging from 1.8X107%
inH, 46.4X107%in F, 559X 10 in Xe up to 1160X10~5
in U. However, in molecule formation it is mainly the
outer electrons which are disturbed, and Dickerson’s
calculations show that the percentage contribution of
the outer electrons to ¢V decreases markedly with Z.
Thus, chemical changes in ¢® for H are of the same
magnitude as the total proton shielding, while for Xe,
for example, only about 0.0759 of ¢ comes from
each 5p electron and the ¢ contribution to Xe chemi-
cal shifts is correspondingly small, at most 4 ppm per
5p electron.

All other contributions to ¢ are lumped together in
6™ including ‘“‘neighbor anisotropy” contributions and
the effects of ring currents and intermolecular inter-
actions. Of these contributions, the nuclear shielding
by electron circulations on neighboring atoms falls off
as the inverse cube of the distance of the neighbor from
the atom in question and have been estimated by
Pople*® as unlikely to exceed 10~° in magnitude. Of
similar maximum magnitude are the effects of inter-
molecular interactions®? and of ring currents.”

TasrLe I. “Multiplication table” for angular momentum
operators and p atomic functions.»

Operator Pz Py ?:
Lz Y — P2 by
Ly P= 0 — b=
L —by Pz 0
Ll 0 —Py —p:
Luly —p= 0 — b
122 2 —by 0

& The entries in the first three rows are in units of (fi/4); those in the last three
rows are in units of (—%2).

3 W. C. Dickinson, Phys. Rev. 80, 563 (1950).

4 J. A. Pople, Discussions Faraday Soc. 34, 7 (1962).

5 J. A. Pople, Proc. Roy. Soc. (London) A239, 541, 550 (1957).

® An interesting, extreme case is the pressure dependent 29Xe
shift in the gas phase reported by E. R. Hunt and H. Y. Carr,
Phys. Rev. 130, 2302 (1963).

7J. A. Pople, W. G. Schneider, and H. J. Bernstein, High-
Resolution Nuclear Magnetic Resonance (McGraw-Hill Book
Company, Inc., New York, 1959).
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Tasie IT. Matrix elements of the angular momentum operators.®

2 Dy -

0 0 0 0 0 1 0 -1 0
b=

0 -1 -1 0O 0 o 0 0 o

0 0 -1 0 0 O 1 0 o
Py

0o 0 o -1 0 -1 0O 0 0

0 1 0 -1 0 0 0 0 0
bs

o 0 0 0 0 0 -1 -1 0

® The format used in presenting the matrix elements is defined in Table V.

In contrast to the approximate ranges of 10—5 for
chemical changes in ¢ and ¢, it has been noted? that
the range of chemical shifts for a nucleus is of the same
order of magnitude as the total shielding for the free
atom. For example, proton chemical shifts’ cover a
range of about 2)X10=® and T1? about 480X107%,
Therefore, it is evident that ¢® must be by far the
dominant term for all but the lightest nuclei except
in unusual circumstances. This view is supported not
only by the original work of Saika and Slichter? on F
but also by more recent calculations for Fj© P12
Hg? Pb%® and Tl in which various approximations
have been used to express ¢ in terms of localized bond
properties. These calculations of ¢® are limited to the
valence electrons of the atom. The core electrons are
assumed to remain the same in going from one molecule
to another, and being spherically symmetric by this
assumption, the core contributes nothing to the para-
magnetic term. This approximation appears to be
reasonable, at least it is a convenience which we also
adopt. Nonetheless, a check on the effects of core
polarization on é® is desirable,

A convenient form was introduced for ¢® by Pople®
and Karplus and Das® who expressed it in terms of
orbital populations p,, in an LCAO-MO framework.
However, they treated only p orbitals centered on the
atom in question. In the present work explicit expres-
sions for @ are derived in the valence bond and the
LCAO-MO framework, including d as well as p orbitals
on the atom in question.

A review of the chemical shift ranges observed for
twenty elements reveals two periodic trends. The range
of chemical shifts increases with atomic number Z for
elements of the same group in the periodic table and

8H. S. Gutowsky in Physical Methods of Organic Chemisiry,
edited by A. Weissberger (Interscience Publishers, Inc., New
York, 1959), 3rd ed., Vol. I, Part IV, p. 2699.

¥ W. G. Schneider and A. D. Buckingham, Discussions Faraday
Soc. 34, 147 (1962).

10 M. Karplus and T. P. Das, J. Chem. Phys. 34, 1683 (1961).

1 N. Muller, P. C. Lauterbur and J. Goldenson, J. Am. Chem.
Soc. 78, 3557 (1956).

2 . R. Parks, J. Am. Chem. Soc. 79, 757 (1957).

13T, E, Orgel, Mol. Phys. 2, 322 (1958).
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1716 C. J. JAMESON AND H. S. GUTOWSKY
Tasre II1. “Multiplication table” for angular momentum operators and d atomic functions.s
Operators ds dys Az dzy 2%yt
(:c ‘/s-dzz dzy - (‘/gds’+dz’+u2) "dv: dzz
( v - ‘Edy: (\/3'd,2 - dz’+y‘) - dzy dzs dus
12 0 —dzs dy: 2d2, 2 —2d;y
(xlz - (3dz’+\/3-dz’+y’) '_dys —Mz: —dzy h (‘/gds"“dz”ﬂ/’)
Lyly — (3d2—V3ds2,%) —4dy, ~dz —dsy (V3d2—d:2,)
lzlz 0 "dyl _d;n —4dzv —4dz’+ll’

& The entries in the first three rows are in units of (%/5); those in the last three rows are in units of (—#2).

also it increases with Z along a period. These trends
agree with the magnitude calculated for the paramag-
netic contribution to the chemical shift and its de-
pendence on (1/72) for the bonding electrons. The
atomic spin-orbit interactions are used to estimate the
Z dependence of {1/7%).
II. GENERAL FORMULATION FOR ¢® IN THE LCAO-MO
AND VALENCE BOND FRAMEWORK

The calculation of ¢® requires evaluation of matrix

elements of the form

($: | £/ | ¢5) and  (§: | Lule/7 | &),

where {; operates only on the § and ¢ parts of the atomic
orbital ¢;. Here we will use the notation of Pauling for
the d orbitals whose 8 and ¢ dependence are shown

below:
d2=(5/4)%(3 cos¥—1),

dy.= (15)} siné cosf cose,

dz.= (15)} sinf cosh sing,
dr = (15/4)} sin? cos2¢,

dzy=(15/4)% sin%@ sin2¢.

Using the usual operator forms of £, £,, and £,, namely

tom (= B)ineLt co cone2)
== 5 sm¢60 co cos¢a¢,
[_(ﬁ_)( 0 copsing)
= ; co@ae co sm¢a¢,

£,= (E)i »
1/0¢

we obtain the “multiplication tables” for the angular
momentum operators and the table of matrix elements
given in Tables I and II for p atomic functions and in
Tables IIT and IV for the d. The matrix elements in
Tables IT and IV occur in groups of six; the format
used in presenting them is defined in Table V.

Having all the matrix elements needed, we may now
express ¢ in the LCAO-MO and in the valence bond
framework, in terms primarily the atomic orbitals on
the atom for which ¢® is being calculated.

and

TasLE IV. Matrix elements of the angular momentum operators.s

dz:2 dy: e dey Aoty

0 0 0 0 Vi o -3 0 0 o 0 o0 0o 0 0

a -3 -3 0 0 0 0 0 0 o0 0o 0 0 -3 V¥ 0
0 -3 0 R 0o o0 1 -1 0 o 0o 1 0

G 0 0 o0 -1 -4 -1 0 0 0 0 0 o 0 0 0
Vi 0 o 0 0 -1 0 0 0 o 1 o 1 o o

b 0 0 o 0 0 0 -4 -1 -1 o 0 o0 0 0 0
o 0 0 1 0 0 0 -1 o0 0 0 o 0 0 -2

dev 0 0 0 0 0 0 0 0 o -1 -1 -4 0 0 0
o 0o 0 o0 0 -1 o0 -1 0 o o o0 2 0o 0 o
Y S 0 0 o 0 0 o 0 0 0 -1 -1 -4

2 The format used in presenting the matrix elements is defined in Table V.
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CALCULATION OF CHEMICAL SHIFTS. I

LCAO-MO Formulation for ¢®

A typical molecular orbital formed by a linear com-
bination of s, p, and d atomic orbitals on the atom in
question, and other orbitals on the other atoms, may
be written as follows:

‘l/a= asz'l_aypy'l'a'zpz+as’dz’+azydzy"l'azgdzg"‘awdw
+as22dar 25 orbitals 4 orbitals on other atoms.
(1)
Let the orbital population p,, be defined as

Pw= Z”a(anav*) ) (2)
where 7, is the number of electrons in the gth molecular
orbital, usually two, a, and a, are the coefficients of the
atomic orbitals u and v in ¥,, and the summation ex-
tends over all molecular orbitals a. The quantity p,, is
generally called a matrix element of the charge and
bond order matrix. The expression for ¢ in terms of
Pur and the average excitation energy A is given below.!?

60= (&/Am2) 3 pul (S (k) | Gli/rid | $u(k))
— 2 D@8 |6/ [ 6(B) Yen (k) | T ] (8}
@3)

1717

TaBLE V. Definition of format used for matrix elements in

Tables I and IV.
A
(Blit./h) A) (Blig, /il 4) Blit/i]| 4)

<BI _(zlz/ﬁ2|A> (Bl "tv{v/ﬁzl A) (BI —M/ﬁ’[A)

The average of ¢® over all orientations, which is of
course the contribution to the nuclear shielding ob-
served in liquids and gases, is given by  the trace
of ¢®,

0 D=0, ® =100+ 0,0 +0,,0), (4)

where the expression for gara® (@=z, 9, ) is as in Eq.
(3) except that I is replaced by its @ component £,
The matrix elements needed to evaluate Eq. (4) are
given in Tables IT and IV presented in the introduction
to this section, The 7,~® operators are averaged over
the radial part of the atomic wavefunction and for
simplicity we denote by (1/72), the average value of
=3 over the p,, p,, and p, orbitals, similarly for {1/7%)q.
The resulting expressions for ¢,,?, ¢,,®, and ¢,,® in
terms of p,, are given in Appendix A and the rotational
average of ¢ is given below:

on® = — (26 /3Am*e®) ((1/7* o[ (pestPuvtp2:) — 3 (Prcbvnt Pt Poapze) 3 (Pusp vt borprat Prepec) ]
+ (/7 )a{3(par 3t oz oot DoviavtParra? attat - Puevs) — 3 (3Parrs? sths®Pan oyt Dot 2 Penoe Dot sPus z)
— 3 (Porist atatPae ot Dot oy Py e PovayPusuat DoyayPor oat Dos,oePye.vs)
3 (Eporst Povssst Dot ocPre, et F Dot yibys,o?)
F3(Perist aspes srbnr T Detistvabus s DovvePus vt Poy webrs oyt Pos ysPuys o)
+(B/2) [ (Pusiva— bz aa) (Pt Dot a2402) F Py it ioy) (Pys oo t-Poerye)
— (Peryebas oyt Bus Doy cst Dot aabusioyt PossPry.e)
Tt webuetiit T Dot uebue, i Patiy woPos it Dot mees atrnt]
F30Pa2402 02 (2Bay wetBus ) FPoe i (Prv.vs -2y 24)
— Parrit e (2Poy et Poeon) = Puesss* (Pav.os 2Pz 20) F (Pusos— Paeye) (Povston'— potintan) 1}). (5)

The first part of Eq. (5), for the p orbitals, is identical
to that given by Karplus and Das'; the rest of the
expression involving d orbitals is given here for the
first time. As a check, the orbital populations for an
atom with closed p and d shells, p;;=2, p;;=0, were
substituted and ¢ went to zero as expected.

Valence Bond Formulation for ¢®

For a 2n electron case, the perfect pairing” wave-
function may be written as a separated pair wave-

function
W=[2%/(2n) I
X;(_ 1)PP{¢M(1: 2)¢W(3y 4)¢c2(5: 6) cee }) (6)

where P permutes electrons between pairs. The func-
tions for the separated pairs are

Vaz (%, 5) = e (5, /) [ (9)B() —B (D) a () INV2, (T7)
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1718 c. 7.

in which
ua:c(l, 2) =77ax[¢a(1)¢‘x(2) +¢x(1)¢a(2)
FAata(1)$a(2) FNetp=(1)0:(2) ],  (8)

where 7 is the normalization constant and the \’s are
coefficients describing the ionic character of the bond.
We let ¢q, ¢, * « + stand for atomic orbitals on the atom
in question and ¢., ¢,, *++ for atomic orbitals on the
atoms bonded to it.

The expression for ¢ is then given by

e 20
Am?c® (2n) |

><[§(—1)PP{ }llgymkrk,/rkaI;(—l)PP{ 11 (9)

In Eq. (9), the first permutation sum has (2#) !/2*
terms which yield identical matrix elements and hence
cancels out the coefficient 2*/(2#x) |, This leaves

3@ =—

6(2)=—' ¢
Am?2c?
X [Waz (1, 2)¢ey (3, 4) <+ - | ka;Ika'/rka | ;<—1>PP{ [

(10)

The unpermuted term of Eq. (10) gives rise to I+1I4+
II1:

1=2§<ur<i,j> /8w i) (1)
II=2§(ur(i,j) |G/rd | w ), (12)

II=832 (w(i, §) | L/rd | w:(4,7) )
X kD) [ | (D), (13)

where IIT has #n(n—1)/2 terms. In Eq. (10) the per-
muted terms involving more than one permutation give
vanishing matrix elements as long as the geminals
¥r(%,7) obey the one-electron orthogonality rule

J9:ti i, Bydri=o.

For a single permutation of electrons which are not
antisymmetrized, a factor of 4% arises in the integra-

JAMESON AND H. S.
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tion over the spin coordinates, and also a factor of —1
because of the odd parity of a single permutation.
Hence the singly permutated term of Eq. (10) gives
rise to IV:

IV=—(1/2)8>_>,
s
X (ur (b, ) (3, 1) | i/ | s (B, D (4,7) ). (14)
If we drop all matrix elements involving ¢., ¢,**- (i.e.,

all orbitals centered on atoms other than the one of
interest), as is usually done, then

1+11=2Z":nw2{ (1422) (@a(1) | Wh/7s® | ¢a(1) )

r=1

FA2a(1) | 1/r3 | $a(1) ) a(1) | Ta | @a(1) )},
IT=82> nam?(14+Aa2) (1422

>
X {a(1) | B/rd | @a(1) )(gn(1) | 1| (1)),
V= =432 nem (142e7) (140)
>
X (a(1) [ L/rs? | (1) Yo (1) [T | @a(1) ). (17)
We find that all (¢.(1) | £ | ¢a(1) )=0 and similarly
for the other two components of I. Thereby, the final

expression for ¢® is greatly simplified. For ¢..® we
obtain

(15)

(16)

0a®= — 26/ M) {3 mea? (140D) g | £ele/7? | )
r=1

-2 ZZ’?ax277by2 ( 1 +>‘a2) (1 +)‘b2)

r>8

X (| /7 | $6) (0 | £ | 0a)}, (18)

with completely analogous expressions for o,® and
o..?. As before ¢® is given by Eq. (4), and the final
result is in a form which can easily be applied to a
perfect pairing wavefunction.

If only s, p and d orbitals are involved, i.e., when

b= Cs"S+Cz“Pz+Cy“Pu+Cz“Pz+Cﬁ“dz’+ © o vy, (19}

the equation for ¢® can now be written in a more ex-
plicit form by using the results in Tables IT and IV.
Thus, we obtain the expressions for ¢.,®, ¢,,?, and
o..? given in Appendix B. The resultant average of
¢ over all orientations is:

o= —§ (R Ame’) {{1/7° >p[ému2(1+>\a2) Pe— 3 2 nwtmy? (140a?) (1+2e?) P

>3

+{1/n >d[silnaf<1+xa2>ua— TS ndm(14AD) (14D DS]),  (20)

where

Ppa= Z (Cia)zy

=z,y,2

>8

De= Z (Cia) 2)

=22,22,...

Pab= (czacyb_ Cyaczb) 2+ (Czaczb_ CzaCzb) 2+ (C,;“c,,b— Cyacxb) 2’
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and

1719

D= [\B’(szaﬁz’b— Cz’aczzb) + (Czyacyzb— Cyzaczyb> + (szacx’+y’b_ sz+u,a6ub) ]2

FV3(carcyb— €% P) F (oo — Coty?®0y”) + (Cor®CarP — €2y%Car?) T

In this approximation, we have 5.°= (24NN
For the case where ¥u.(1,2) Is ¥a(1, 2), ie, a lone
pair in the ¢, orbital, we use .2 (1422 =1.

Comments on MO and VB Formulations

The quantity in the valence bond formulation which
corresponds to orbital population is
D=2 Z Naa (1HA2) (6,72
bonds az
With this in mind, examination of the VB and MO
expressions for o,.® (a=w, ¥, 2) given in Appendices A
and B reveals their close similarity. This is not unex-
pected.

In both formulations, the bonding orbitals centered
on atoms other than that for which é® is calculated
exert implicit effects upon ¢® by affecting A and lo-
calized bond properties such as ionicity and bond order.
A more direct effect is their influence upon p,, and p,,
in Egs. (2) and (21) via normalization of the bonding
functions in Egs. (1) and (8). However, the normaliza-
tion may require overlap integrals which are not
readily available. For this or other reasons the calcula-
tion of é® can be simplified considerably by dropping
from Egs. (2) and (21) any terms directly involving
the atomic orbitals centered elsewhere than on the
nucleus for which ¢? is being calculated. The impor-
tance of this approximation depends of course upon
the particular system in question. But it appears to
be a reasonable procedure at least in dealing with an
homologous series of compounds such as the fluoro-
benzenes.®®

(21)

IV. Z DEPENDENCE OF CHEMICAL SHIFTS

It has been noted that, in general, the range of chemi-
cal shifts in different compounds (by this we mean the
difference between the chemical shifts of the lowest
field and highest field signals for a particular nuclear
species) increases with increasing atomic number, Z.84
Furthermore, a survey of the now-extensive experi-
mental data available reveals that this trend is periodic,
as shown by the summary given in Table VI. The range
of chemical shifts increases with atomic number Z for
a particular group, and also increases with Z along a
period. The only apparent exceptions are N, O, and F,
for which the general trends may be reversed by an
increase in the shift range with the number of bonding
orbitals employed, and Si for which the small range is
most probably due to limited information.

FL2(co2ea — CorCotpy®) + (€4.%Ca b — €2.%,.%) TP

Relation between ¢@ and (1/r3)

Inspection of Eqs. (5) and (20) shows that the
paramagnetic term is essentially of the form

@ = —(26%h2/3Am*c?) ((1/73 ) Pu+ (1/7%)aDy)  (21)

where P, and D, represent the ‘‘unbalance” of the
valence electrons in the p and & orbitals centered on
the atom in question. For example, for p electrons in
the LCAO-MO formulation, P, is defined by Eq. (5)
in terms of the orbital populations as

Pu = sz+Pyy+Pzz—% (Pzz?zz'l'?w?zz‘l’?yypzz)

+%(P$IIPW+PIZP22+PZII?V=)' (22)

The parameters A, (1/72),, and {1/#%)4, and P, and D,
determine the magnitude of ¢® and of the changes in
it. Of these, the average excitation energy A exhibits
about as much variation for different chemical states
of an element as for compounds of different elements.
Also, A covers a relatively small, two- or threefold range.
Therefore, the major periodicities of the chemical shift
range are not due to A.

The numerical values of P, and D, depend largely
upon the coordination number of the atom, the hybridi-
zation of its bonding orbitals and the ionicity of its
bonds. In the spherically symmetric closed shell case,
P, and D, both have their minimum value of zero,
which corresponds to a free, diamagnetic ion or an
inert gas. On the other hand, the maximum values of
P, and D, correspond to the maximum “unbalance” of
electron distribution. The maximum for 2, is 2, which
occurs for example when two p orbitals are filled
(pus=2) and one is empty (p,,=0), or one filled and
two empty. The expression for D, is more difficult to
analyze, but it appears that the maximum value is 12,
which occurs, for example when the three f; d orbitals
are filled and the two ¢, are empty or when the two are
filled and the three empty.

For any particular atom in different chemical states,
the ranges in P, and D, are governed by these limits
of 0 to 2 and O to 12, respectively. Within a given
atomic period, the elements have different numbers
and/or types of bonding orbitals, so the ranges found
in P, and in D, would be somewhat different. For
example, the maximum P, for fluorine is 1 (one p
orbital with p,,=1) while for carbon it is § (three p
orbitals with p,,=1).

This could account for the apparent nonperiodicity
of the N, O, and F chemical shift ranges, which was
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TasLe VI. Range of chemical shifts (ppm).
n ns ns? np np? np? npt nps npb
1 Hs
20
2 Liv Be Cd Ne 0of Fax
5 140 316 626 690 625
3 Alb Sii pi Clk
220 140 670 820
4 Se! Brm
~1500 ~16350
5 Rbe Sne Xep
149 1852 5785
6 Csn Hga Tlarr Pha.s
252 2460 4800 7300
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commented on at the beginning of this section. But it
can not be the cause of the large increases with Z of the
chemical shift range for elements in a given group, as
found in Table VI. We are left with the quantities
(1/7%), and (1/7%); which to a first approximation are
atomic properties and which one might expect to exhibit
the appropriate periodicities.

(1/r?) and Spin-Orbit Interaction in Atoms

From atomic theory, one knows that for the same
atom, the average value of 3 over p (or d) electron
wavefunctions decreases with quantum number #, that
is, for example,

/7 )3p> (1/13)0p> (1/7 Yo = - (23)

Similarly, for different atoms with the same outer shell
configuration, one expects {1/7%)., and {1/73).q for the
same shell (same n) to increase with atomic number Z.
However, the behavior of (1/73),; or¢ versus atomic
number Z, where » is now the quantum number of the
outermost (valence) shell, cannot be arrived at readily
by using the same kind of reasoning. In most of the
calculations reported in the literature, {1/r) is esti-
mated by using Slater atomic orbitals. These give fair
results for very light nuclei, but for most nuclei the
values of (1/r*) obtained from the Slater orbitals are
too small and the error gets worse with increasing Z.
For example, {(1/r3)s, calculated for Xe (Z=54) with
a Slater orbital is about a factor of 25 too small.

An experimental quantity which gives a quite direct

TasLE VIL Values of {a®/r%)np and {ac®/r®)na calculated from spin-orbit splittings in atoms.»

Atom 3p 4p 5p 6p 78 8p 9p " nd
Al 1.27 0.20  0.084 0.046 3 0.009
Ga 3.48  0.48 0.19  0.099 4 0.016
In 5.71 0.79  0.30 0.15 5 0.036
Ti 11.81  1.54 0.58 0.28 6 0.074

# Spin-orbit splittings were obtained from Ref, 14,
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measure of (1/7%) is the spin-orbit interaction, which is
available from tables of atomic energy levels.* In
Table VII are some values of {(a¢®/r3)np and (a¢®/7*)na
calculated from the spin-orbit splitting, without
relativistic correction. We note that for the same atom:

(1/7)sp> (1/7)p> (1/7 )spe + <, (24)
1/73)> {1/ da. (25)

Also, for the same n, (1/7),, increases with Z for a
given group in the table.

The equations used to calculate the values in Table
VII were taken from Barnes and Smith,® who calcu-
lated {ae®/r® ), for the lowest lying p orbital of the
outermost electrons, from spin-orbit splittings of
various atoms from Li(2p) to Bi(6p?). Their values
are plotted in Fig. 1, with the following exceptions:
For Sn more recent data are now available from Moore’s
tables,4 Vol. ITI, from which we calculated (ae®/7*)s,=
8.65. This result was used to interpolate a new value
for Sb. Also, the values of {a@/7®)., for the rare gases
were calculated from the spin-orbit couplings® and
added to the figure.

It is evident from Fig. 1 that the periodicity in the
range of chemical shifts parallels the periodicity in
{1/7%),.p. For d orbitals, one would expect the periodicity
of {1/r*).a to be similar to that shown in Fig. 1 for p
orbitals. However, the matter of the relative impor-
tance of the p and d electron contributions to @ is
somewhat more complex. The values given in Table
VII for (1/7*)., and (1/7%).s, and the resultant in-
equality of Eq. (25), imply that the p-electron con-
tribution to ¢® must be at least one to two orders of
magnitude larger than the d-electron contribution.
However, the change in D, can be larger than that in
P,. Therefore it may not be safe to neglect the d elec-
trons for elements beyond the first row.

Finally, the scale relating {a¢®/7*)., in Fig. 1 with
the chemical shift ranges has, in effect, been calibrated
by the calculations of ¢® for F.%1® With allowance for
the range in P,, the magnitudes of {a¢®/7)., are com-
patible with the observed chemical shift ranges.

V. APPLICATIONS AND EXTENSIONS

The formulation given here is of general applicability
to ¢® for cases where spd hybridization is involved in
the bonding orbitals of an atom. However, such appli-
cations are not necessarily very simple, even for mono-
coordinate atoms such as fluorine. This is shown by the
evolution of our understanding of the fluorine shifts.
The early measurements on the binary fluorides re-
vealed that the ionic character of the M-F bond
dominated the large range (625 ppm) of the fluorine

4 C, E. Moore, Atomic Energy Levels (National Bureau of
Standards, Washington, D. C., 1949, 1952, 1959), Vols. I-ITI.

15 R. G. Barnes and W. V. Smith, Phys. Rev. 93, 95 (1954).

8 H, E, White, Introduction to Atomic Specira (McGraw-Hill
Book Company, Inc., New York, 1934) pp. 275-276.
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F1c. 1. The variation of {(ai®/r*).p with atomic number, as
calculated, mainly in Ref. 15, from the observed atomic spin-
orbit splittings without relativistic correction.

shifts.”” This observation led to the Saika and Slichter
theoretical analysis? for ¢ in terms of the unbalanced
p electron distribution, P,. They recognized that
hybridization would effect the latter, but did not
pursue the question inasmuch as the major trend of
the experimental result could be explained by the fact
that PP, (1—ip), where ir is the lonic character
of the M-F bond.

Extensive observations of the hundred-fold smaller
(~5 ppm) fluorine shifts in substituted fluorobenzenes
revealed the importance of double-bond as well as of
ionic character and indicated the presence of an ortho
effect.’®® This led to a corresponding refinement in
the theory™ for é® to include the effects of s hybridiza-
tion (~5%,) as well as of p, character (~10%,) in the
fluorine bonding orbital. Thus, in addition to A and
(1/73),, there are at least three localized bond param-
eters, 7, s, and p,, which affect or® by detectable
amounts, at least in fluorobenzenes. Therefore, even if
one supplements the observed isotropic chemical shift
Ag with a measurement of the chemical shift anisotropy,
7., there are more unknowns than observed quantities
and qualitative arguments have to be invoked to assess
the relative importance of the smaller contributions
to the chemical shifts.

One approach to this problem is to observe chemical
shifts in a closely related series of compounds, for which
there is good reason to believe that one or at most two
of the bond parameters change to any major extent.
This approach is largely the one followed for Agr in
the meta and para substituted fluorobenzenes. Another
possibility is the observation of the shifts for two or
more nuclear species in the same compound, such that
the shift for one nucleus may supply a reliable bonding
parameter for the second. In the second paper of this

1:;5?. S. Gutowsky and C. J. Hoffman, J. Chem. Phys. 19, 1259
o H)S Gutowsky, D. W. McCall, B. R. McGarvey, and L. H.

Meyer, J. Am. Chem. Soc. 74, 4809 (1952). )
18V, D. Mochel, Ph.D. thesis, University of Illinois, 1960.
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TaBLE VIIL. Values of | ¢:(0) |2, in atomic units, calculated
from the corrected hyperfine splitting constants given by Knight®
for a number of atomic species.

I 1I 111 v Vi
Li Be C
0.21 0.714 (1.66)>
Na Mg Al Si
0.748 1.62 2.41 2.06
K Ca Ga Ge Se
1.105 2.02 7.16 4.92 7.15
Rb Sr Sn Te
2.33 3.77 8.16 11.0
Cs Ba T} Pb
3.87 6.11 18.9 13.8

8 Reference 24.
b This value, given in Ref. 23, was obtained in a different manner from the
others and is not directly comparable with them.

series,” we have applied this procedure to the xenon
fluorides, using the flourine shift as a measure of the
Xe-F bond ionicity in calculations of the xenon shifts
for various theoretical models of the bonding in the
xenon fluorides. This leaves the hybridization of the
xenon atomic orbitals as the major unknown factor
governing the large observed xenon shifts and the
trend in their values for the xenon fluorides.

The calculations for xenon illustrate in some detail
the manner in which the formulation developed here
can be applied. Similar applications can be made to
other types of bonding situations and, in fact, it should
be a quite straightforward extension to obtain general
expressions for ¢® for each of the conventional bond
hybridization schemes commonly used, such as sp?, sp%,
and dsp?. In this connection, it should be mentioned
that the expressions for ¢® can be applied also to the
transition metal ion complexes which have an even
number of d electrons involved and which are diamag-
netic. For example, when applied to Co *** complexes
(d%), the expression for ¢@ gives the same result as
Griffith? obtained by other means.

Electron Coupling of Nuclear Spins

Another related general phenomenon, for which there
are more complex but similar periodicities to those for
the chemical shifts, is the electron coupling of nuclear
spins. The magnitude and also the range of values of
the coupling constants exhibit a general increase with
Z, but the problem is intrinsically more difficult than
that for the chemical shifts. Part of the complexity is
apparent in the sense that J,;, the observed isotropic

20 C, J. Jameson and H. S. Gutowsky, J. Chem. Phys. (to be
published).

2 ], S. Griffith, The Theory of Transition-Metal Ions (Cam-
bridge University Press, Cambridge, 1961), p. 374.
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component of the coupling in cps between nuclei ¢ and
7 is given as

Ji=2evidi, (26)
where v; and +v; are the nuclear magnetogyric ratios
and A;; depends only upon the molecular electronic
structure. Insofar as Eq. (26) is concerned, the values
of v for different nuclei are virtually random and the
periodicities must be sought in the values of 4;; rather
than J;. At this point the real complexities arise.
First, A, involves the electron distributions in the
vicinity of both nucleus 7 and j. Second, there are
several terms contributing to A4,;, each of which is a
different function of the molecular electronic struc-
ture, as in the case of é@, ¢, and é™.

However, for directly bonded nuclei, at least when
one is hydrogen, it appears that the contact term
dominates 4,3, that is

A= Awa®= (C/A) | ¢ou(0) [* [¢eu(0) |2, (27)
where C is a collection of constants and A is the appro-
priate average excitation energy. Furthermore, for each
of the two nuclei in Eq. (27), the “contact function”
can be expressed in a form similar to that for o®,
namely

[9:(0) [* =10 | £:(0) I, (28)

where p,, is the orbital population of the ns atomic
orbital centered about the nucleus in question and in-
volved in the M~H bond, and | ¢,(0) [? is the #s wave-
function of the afom, evaluated at the nucleus.

Therefore, one would expect Amu to reflect the
periodicity in | ¢sm(0) |? for the atoms. Values for the

TasLe IX. Internuclear coupling constants in the

Group IV hydrides.
Jumu Ay | ¢ (0) f__AMm
Compound cps cps 72/ pe? a.u. | $sna (0) |2
BCH, 125= 16.0 (1.66)> 9.7
2981H, 202.5» 32.7 2.06 15.8
GeH, 87.8¢ 80.5 4.92 16.3
19SnH, 19314 166 8.16 20.4
2TPHH (CH3) 3 23794 365 13.8 26.4

8 Value cited in Ref. 23.

b See Table VIIL

¢ E. A. V. Ebsworth, S. G. Frankiss, and A. G. Robiette, (personal com-
munication).

d N. Flitcroft and H. D. Kaesz, J. Am. Chem. Soc. 85, 1377 (1963). Jma does
not appear to have been measured for PbHy; however, methyl substitution has
relatively little effect upon JMH in the other Group IV hydrides so the value
given for 207PbH (CHs)s should be a good approximation to that in PbHa.

2 M. Karplus and D. M. Grant, Proc. Natl. Acad. Sci. U.S. 45,
1269 (1959).
28 C. Juanand H. S. Gutowsky, J. Chem. Phys. 37, 2198 (1962).
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latter are summarized for a number of elements in
Table VIII. They were calculated directly from the
“corrected” nuclear hyperfine interaction constants®
a(s) observed in atomic spectra. Knight® states that
the values he gives for a(s) should be accurate to
better than 509, in most cases. At any rate, the same
correction is applied to each degree of ionization so
that while it may not be proper to compare values
across the table, it is worthwhile to compare values
down the table. (The last and next to the last column
in Table VIII were probably overcorrected for ioniza-
tion 44 and +6, respectively.)

It is apparent from Table VIII that the periodicities
in | ¢s(0) |? parallel those of (1/73)., given in Fig. 1.
However, the experimental data available for A4.; do
not permit as detailed a survey of periodicities in its
magnitude as was possible for the chemical shifts. But
the data for several Group IV hydrides provide at
least some check on the validity of the approach in-
corporated in Egs. (27) and (28). The results of such
an analysis are summarized in Table IX. The values
observed for Jym, in cps, have been divided by yyvs
to give A yu In units of cps A%/ ue?, where uo is the nuclear
magneton.

These results for Aun range from 16.0 for Acu to
365 for Appbm, somewhat over a twenty-fold increase.
To a first approximation, the value of |y,u(0) |? and
the hybridization of the M atomic orbitals, sp?, should
be the same for all Group IV hydrides. Therefore, if
our assumption that the contact term dominates Aun
is correct, the trend observed in A4muu should parallel
the values for | ¢, (0) |2 That this is very largely true
is shown by the ratio of Awu to | ¢.x(0) |3 given in
the last column of Table IX, which exhibits a monotonic
threefold increase from 9.7 for CHy to 26.4 for PbH,

compared with the twenty-two-fold increase in Aun. ,

We have neglected thus far the dependence of A and the
M-~H bond polarity Axx upon Zy. Both would tend to
decrease with increasing Zy in Group IV and this
probably accounts for a significant part of the residual
threefold increase in A nn. Also, there is the possibility
of noncontact contributions to Auu which one would
expect to become more important for the heavier atoms,
with low-lying d orbitals. And again, as for ¢®, the
polarization of core electrons should be considered. It is
beyond the scope of this paper to treat the periodicities
in 4;; in more detail. The example given does indicate
that it may be fertile ground for further work. In fact,
while this paper was in press, Smith® pointed out that
in Group IV compounds of the type X(CHj), there is
an approximately linear correlation between Jxcu/px
and #% Also, Reeves and Wells?® have considered
Jxcn/ux in these compounds as well as Jxu/ux in

24 W, D. Knight, Solid State Phys. 2, 120 (1956).

% G. Smith, J. Chem. Phys. 39, 2031 (1963).

6 E. J. Wells, and L. W. Reeves J. Chem. Phys. (to be pub-
lished); we wish to thank the authors for sending us preprints
of their work.
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the hydrides and commented on the fact that both
appear to be directly proportional to Zx2

Combined Effects of Anisotropy in Nuclear
Shielding and in Internuclear Coupling

In conclusion, we wish to point out a formal simi-
larity between the combined effects of chemical shifts
and electron coupling of nuclear spins in NMR and of
the electron g value and nuclear hyperfine splitting in
ESR spectra. The electron coupling of nuclear spins is
of course a tensor interaction although Eqs. (26)—(28)
deal only with the isotropic part, the average over
random molecular orientations. The form of the inter-
nuclear interaction, I;+A;;+1;, is identical with that of
the hyperfine interaction I-a-S. Furthermore, the nu-
clear shielding tensor ¢ produces effects of the same
form in NMR as does the g tensor in ESR spectra.

For example, in polycrystalline samples, the chemical
shift anisotropy broadens the NMR absorption® in a
manner equivalent to g anistropy in ESR spectra,®
and this has been used to obtain the magnitude and
sign of the chemical shift anisotropy. This broadening,
in gauss, is of course directly proportional to 5.Ho, the
product of the anisotropy in the shielding and of the
magnetic field at the nucleus. There should also be
broadening from the anisotropy in the internuclear
coupling tensor A,; However, the latter has not yet
been detected, probably because of its field-indepen-
dent, relatively small magnitude. Single-crystal experi-
ments, as for g and a in ESR, could provide complete
information on the ¢ and A;; tensors. The high-field,
superconducting magnets now becoming available
should prove useful in such experiments, especially in
measurements of 7, from the broadening of crystal
powder spectra.

In the ESR spectra of solutions, the combined effects
of anisotropy in @ and in the hyperfine interaction can
broaden the hyperfine components in a systematic
manner which depends upon the magnitudes and signs
of the anisotropies.?® Such effects should, in principle,
also occur in high-resolution NMR multiplets, though
they would be much smaller because of the smaller
magnitudes of the NMR anisotropies. Nonetheless, such
effects may be large enough for detection in the NMR
spectra of heavy nuclei which are directly bonded, for
example in PbF.. Their observation would be of interest,
particularly as the absolute signs might thus be ob-
tained relatively easily for the components of the inter-
nuclear coupling tensor.
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APPENDIX A: DIAGONAL ELEMENTS OF ¢® IN THE LCAO-MO FRAMEWORK
0z ® = — (E17/ Am*®) ({1/7 ) (pwut Dos— Pasbust PusDos)
+ (1/r)a{3p.0 ot Prrist oty 400 et Puzyet oy g TV (Paryy? 22 a2 a2s2)
~ 3P0 Prz 20— PuzysPoy.ay— Doz wePrtsnt atint T3P 20 ez 3 F Pus auPry et Pre atry®Patiat iz
FV3L— Pas.za (Parrst, st Potiatis?) FPre,etPatia? oat Dot ez atiy?+ Doy, o8Pys 2o — Pue oPay,ost Dos et ov— Pt yebdsz ou]
F oz wertiat oyt Puz ooy sty — Dot webos oy — PowaePuz i’} ). (A1)
oy = — (R &m*c®) ((1/7*)p{ ot pre— PrsPust Poshon)
+{1/7)af 3.2, 2 Pttty PoraetAPue et Pryay HV3 (Patpyr 2Pt atyyt)
—3P:2,22Pyz vz Dyeyesti sy — DreaeDoyay 3020 wePyz ¥t Puz st Pt ra? et Poz wyPoy o2
FV3[Pusve (ParrstarFPa2 0t44?) = Pus, e Pt vat Bat wabue oty st Pov,s'Pos e Pz o Doy et Pue e e ay— Do zePyzioy |
FPovaeBor ot Pozyeboyatit Potist wsbye ov— Puzzebatrat o} ). (A2)
025 = — (&) am*e®) (1/7 )p{ puot Buy— Prabu+ Druya}
+{(1/r)aldpariy? o1yt Poe et Pueo et APy v dPatia? a2y Pay oy — Daz.aeyz.ue
F4pa2 st s Pay 2yt Doz yelyz zet 208142 wePoy et 2Pzz sty Pyz oy— 202ty g Pry.e— 2Pz s 4y*Poe 2} ). (A3)

APPENDIX B: DIAGONAL ELEMENTS OF ¢® IN THE VALENCE BOND FRAMEWORK

0P = — (¢fh?/ Am?c?) ({1/7%),{2 il"laa:2 (1) [(e) *+ (e:) - 422'%12’7@2 (1D (1ND) (eoc,P—chct)?)

r>s

+(1/7)a{2 il")aa} (1N [3(c22) 2+ (Carpy®) 24 (C2a®) 2 (€427) 2 (00°) 2 2V3 002y, ]

- 42 Z"lw27lby2(1+7\a2) (1+M2) [\/g(czzacz’b_ €C.) + (xy%Cy?— Cy"Ca?) + (CosCrtpy®— Carpy?Cs) ]2} ). (B1)
r>8
0@ = — (¥h?/ Am*c?) ( (1/’3 Y012 iﬂazz (1-FAa%) I:(C:vn) ()]~ 42 Z’?az2ﬂbu2 (103 (14HNM2) (eeP~e.%eb) )
p=1 >3

+(1/7)af Ziln.,ﬁ(l-{—)\f) 3 (6 (cary2®) 24 (2s%) 4 (04:°) - (04°) *— 2V3c. 20212 ]

- 42 E"lax277bu2 ( 1 +)‘a2) ( 14+02) [\/3 (CZ’anzb_ Cy2’C z’b) + (Cyzacz’+y’b - C:’+y’ucu2b) + (szaczub - nyacxzb) ]2} ) (B 2)

r>s

0.0 = (eh2/ Am?c?) ((1/r3 )ol2 g'ﬂaﬁ (A2 [(e®) 2+ (e, 2] — 422’7&02%112 (1422 (140 (e, — ¢,%cP) 2}

r>8

+ (1/’3 )d { 2 ilﬂazz( 14-2.%) [(sza) 24 (6ys?) 4 (en®) 244 (cp2y™) 2]

~ 43> et (1HNa?) (1402 [2(Catgy 00 P— Co®Caty®) + (CaCait— Cot0y®) TP} ). (B3)
r>>8
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